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■ Abstract 

' - ^ . Let K he & complete discrete valuation field of mixed characteristic (0,p) and Gk the absolute 

ZT^ ' Galois group of K. In this paper, we will prove the p-adic monodromy theorem for p-adic repre- 

I sentations of Gk without any assumption on the residue field of K, for example the finiteness of a 
p-basis of the residue field of K. The main point of the proof is a construction of {ip, GK)-module 

^3 I N^g''(V^) for a de Rham representation V, which is a generalization of Pierre Colmez' Njj[g(F). In 

, particular, our proof is essentially different from Kazuma Morita's proof in the case when the residue 

' field admits a finite p-basis. 

j I We also give a few applications of the p-adic monodromy theorem, which are not mentioned in 
the literature. First, we prove a horizontal analogue of the p-adic monodromy theorem. Secondly, we 

I— I ' prove an equivalence of categories between the category of horizontal de Rham representations of Gk 

f-H , and the category of de Rham representations of an absolute Galois group of the canonical subfield of 

■ K. Finally, we compute of some p-adic representations of Gk, which is a generalization of Osamu 
• ' Hyodo's results. 
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Introduction 

Let p be a prime and K a complete discrete valuation field of mixed characteristic (0,p) with residue field 
kK- Let Gk be the absolute Galois group of K. When kx is perfect, Jean-Marc Fontaine defines the 
notions of cristalline, semi-stable, de Rham, Hodge- Tate representations for p-adic representations of Gk 
(see [Fon94a], [Fon94b] for example). The p-adic monodromy conjecture, which asserts that de Rham 
representations are potentially semi-stable, is first proved by Laurent Berger ([Ber02, Theoreme 0.7]) by 
using the theory of p-adic differential equations. Precisely speaking, Berger uses the p-adic local mon- 
odromy theorem for p-adic diff'erential equations with Frobenius structure due to Yves Andre, Zoghman 
Mebkhout, Kiran Kedlaya. 

The notions of the above categories of representations are defined by Olivier Brinon when kx admits 
a finite p-basis ([Bri06]). In this case, the p-adic monodromy theorem is proved by Kazuma Morita ([Mor, 
Corollary 1.2]). Roughly speaking, he proves the p-adic monodromy theorem by studying some differential 
equations, which are defined by Sen's theory of BdR due to Fabrizio Andreatta and Olivier Brinon [ABIO]. 
In [ABIO], Tate-Sen formalism for a quotient Tk of Gk is applied to establish Sen's theory of BdR, where 
Tk is isomorphic to an open subgroup of K Zp(l)'^*^ with Jk ■= dim^^ ^fc^/z < prove Tate-Sen 

formalism, we iteratively use analogues of the normalized trace map due to John Tate. Hence, we can 
not use Merita's approach in the case Jk = oo. 

Our main theorem in this paper is the p-adic monodromy theorem without any assumption on the 
residue field kK- We also give the following applications of the p-adic monodromy theorem, which are not 
mentioned in the literature: First, we will prove a horizontal analogue of the p-adic monodromy theorem 
(Theorem 7.4). Secondly, we will prove that the category of horizontal dc Rham representations of Gk 
is canonically equivalent to the category of de Rham representations of G/fca„ (Theorem 7.6), where 
Kcan is the canonical subfield of K. Finally, we will calculate of horizontal de Rham representations 
under a certain c;ondition on Hodge- Tate weights (Theorem 7.8). This calculation is a generalization of 
calculations done by Hyodo for Zp{n) with n G Z (Theorem 1.15). 

Statement of Main theorem 

Let K and Gk be as above. We do not put any assumption on the residue field kK of K, in particular, we 

may consider the case that fc^ is imperfect with [kK '■ k^] = oo. In this setup, the notions of cristalline, 
semi-stable, de Rham, Hodge- Tate representations are also defined (see 3). Then, our main theorem is 
the following: 

Main Theorem (The p-adic monodromy theorem). Let V be a de Rham representation of Gk- Then, 
there exists a finite extension L/K such that the restriction V\l is semi- stable. 

Note that the converse can be easily proved by using Hilbert 90. 
Strategy of proof 

As is mentioned above, Kazuma Morita's proof can not be generalized directly. When the residue field kK 
is perfect, an alternative proof of the p-adic monodromy theorem due to Pierre Colmez is available, which 
docs not need the theory of p-adic clifFerential c;quations. We will prove Main Theorem by generalizing 
Colmez' method. In the following, we will explain our strategy after recalling Colmez' proof in the case 
that y is a 2-dimensional de Rham representation. (We can prove the higher dimensional case in a similar 
way.) After replacing K by the maximal unramified extension of K and taking Tate twist of V , we may 
also assume that we have ID'dR(V^) = (^dK ®Qp V)^^ and kK is separably closed. 

In this paragraph, assume that the residue field of K is perfect, i.e., kK is algebraically closed. We 
first fix notation: Let := n„£N(/9"(B+iJ. For h e N>o and a e N, denote l!h,a ■= (BiiJ*'""^" and 

o '~ (^st)''' Note that we have l]h,o = ^'ho~ Qp''' where Qph denotes the unramified extension 
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of Qp with [Qph : Qp] = h. Wc wiU recall Colmez' proof: His proof has the following two key ingredients. 

One is Dieudonne-Manin classification theorem over ^^i^- Then, he applies this theorem to construct a 

rank 2 free B^g-submodule N^g(F) of B^g (Siq^ V with basis ei, 62- Moreover, N^g(F) is stable by ip and 
Gx-actions and the following properties are satisfied: 

(i) We have an isomorphism of Bjj^[Gi<-]-modules 

»lR®i+^ N+g(y) - (B+J2. 

(ii) There exist h € N>o and a 1-cocycle 

^■^^^[0 q;.)''^^^-[ X2{9)) 

such that we have g{ei,e2) = {e\,e2)Cg for all g £ Gk- 

The second key ingredient is an = H^^-type theorem for UJj ^ with h,a £ N>o: Let L/K be a finite 
extension. If a 1-cocycle Gl ^'h a ^ 1-coboundary in B^j^, then it is a 1-coboundary in UJ^ ^. By 
using these facts, Colmez prove Main Theorem as follows. When ft, = 0, wc may regard C as a p-adic 
representation of Gk, which is Hodge- Tate of weights by (i). By Sen's theorem on Cp-representations, 
C has a finite image, which implies assertion. Therefore, we may assume h > 0. By the cocycle condition 
of C, Xi ioi i = 1,2 is a character. By (i), Xi for i = 1,2 is Hodge- Tate with weights as a p-adic 
representation. By Sen's theorem again, there exists a finite extension L/K such that XiiGh) = 1 for 
i = 1,2. By the cocycle condition of C again, c : Gl Uh.a is a 1-cocycle, which is a 1-coboundary in 
®dR (^)- ~ -^sV^yP® theorem, there exists a; G U'^ ^ such that Cg = [g — l)(.x) for all g G Gl- 

Therefore, ei, —xei -h 62 G B^ (8)g+ Nj)[g(V) C B^ (giQ^ V forms a basis of Dstl^li)) which implies that 
F|l is semi-stable. 

We will outline our proof of Main Theorem in the following: For simplicity, we omit some details. 

We first fix notation: In the imperfect residue field case, wc can construct rings of p-adic periods B^^^j^,, 
B^ and B^p^, on which connections V act. Let B^jJ; and B^+ be the rings of the horizontal sections of 

B+i^ and B+ respectively. Let B^^g+ := n„eN(^"(Bj^+). For h G N>o and a G N, let \5h,a ■= {^ZtY'^^^'^ 

and := (B^"'")'^''^^". Even when Uk may not be perfect, we can easily prove a generalization of 
Sen's theorem (Theorem 2.1) and an analogue of Colmez' Dicudonnc-Manin classification theorem in 
an appropriate setting (see § 5). By using Dieudonne-Manin theorem, wc can also give a functorial 
construction Njg^(y) for a de Rham representation V. Our object Nrig'^(^) is a rank 2 free B^g'"- 

submodule N^g'~(y) of Bjg'" V with basis 61,62- Moreover, N^g'"(y) is stable by ^p and G^-actions 
and the following properties are satisfied: 

(i) We have an isomorphism of Bjj^[Gii-]-niodules 



(ii) There exist h G N>o and a 1-cocycle 

\ xM 

such that we have 5(61,62) = {e\,e2)Cg for all g G Gk- 

Unfortunately, an analogue of the above = Hg-type theorem does not hold in the imperfect residue 
field case. Instead, we will use the following assertion: Let L/K be a finite extension. Denote by L^^ a 
"perfection" of L, which is a complete discrete valuation field of mixed characteristic (0,1?) with residue 
field kl\ We may regard an absolute Galois group Glpi of L^ as a closed subgroup of Gk- Then, 
our assertion is as follows (Lemma 6.6): If c' : Gl U/j.o is a 1-cocycle, which is a 1-coboundary in 
Bjj^, then there exists x G (B+jJ'^i-p' and y G Bjjf such that Cg = {g - l){x -|- y) for all g G Gl- By 
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using these facts, we prove Main Theorem as follows. In the case h = 0, the same proof as above is 
valid, hence we assume h > 0. By the cocycle condition of C, Xi for i = 1,2 is a character, which is 
Hodge- Tate with weights by (i). By a generalization of Scin's theorem, there exists a finite extension 
L/K such that Xi(GL) = 1 for i = 1,2. Then, by the cocycle condition of C, c : Gl — > U/i,a is a 
1-cocycle, which is a 1-coboundary in B^j^. By the fact just stated above, there exists x G (B^js)'^^"' 
and y G such that Cg = {g — l){x + y) for g e Gl- Since we have a canonical isomorphism 

^rig^(^)lG^pf =^ N^g(^lG^pt) by functoriality, we can apply Hg = H^^-type theorem to the 1-cocycle 
c\g^pi- As a consequence, there exists z €l]'f^^ such that Cg = {g — l){z) for all g G G^ps. Since we have 
Cg = {g — l){y) for all g € G^pt, we have z — y G (BJj^)'^^?' , which is included in B^|^ by a calculation. 
Hence, ei, -{a; + {y - z) + z}ei + 62 € B+ 0™v+ NY+(y) c B+ F forms a basis of Bst{V\L), which 

rig ^ 

implies that F|i is semi-stable. 
Structure of paper 

In § 1, we will recall the preliminary facts used in the paper. In § 2, we will generalize Sen's theorem on 
Cp-admissible representations, which is a special case of Main Theorem and will be used in the following. 
The following two sections are devoted to review rings of p-adic periods in the imperfect residue field 
case. Although the most of the results seem to be well-known, we will give proofs for the convenience of 
the reader. In § 3, we will recall basic constructions and algebraic properties of rings of p-adic periods 
used in p-adic Hodge theory in the imperfect residue field case. In § 4, we will recall Galois-theoretic 
properties of rings of p-adic periods constructed in the previous section. In § 5, we will construct the 
((/?, Gif )-modules Njg^(V) for de Rham representations V after Tate twist. In § 6, we will prove Main 
Theorem combining the results proved in the previous sections. In § 7, we will give applications of Main 
Theorem. 
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Convention 

Throughout this paper, let p be a prime and K a complete discrete valuation field of mixed characteristic 
(0,p). Denote the integer ring of K by Ok and a uniformizer of Ok by ttk- Put Ul^'^ := 1 + TT^Ox for 
n G N>o. Denote by fc/f the residue field of K. We denote by K^'^ the p-adic completion of the maximal 
unramified extension of K. Denote by ck the absolute ramification index of K. For an extension 
L/K oi complete discrete valuation fields, we define the relative ramification index bljk oi L/K by 
cl/k ■= e-h/eK- _ 

For a field F, fix an algebraic closure (resp. a separable closure) of F, denote it by i^*'^ or F (resp. 
F'^^P) and let Gp be the absolute Galois group of F. For a field k of characteristic p, let fcP^ := kP 
be the perfect closure in a fixed algebraic closure of k. Let k'^ := CineNk^ be the maximal perfect 
subfield of k. Denote by Cp and the p-adic completion of K and its integer ring. Let Vp be the p-adic 
valuation of Cp normalized by Vp (p) = I. 

We fix a system of p-powcr roots of unity {Cp"}neN>o iii -^i i-^-j Cp is a primitive p-the root of unity 
and Cpn+i = Cp"- Let x '■ Gk be the cyclotomic character defined by g{Cp") = Cp"^^ for n G N>o. 

For a set S, denote by \S\ the cardinality of 5*. Let Jk be an index set such that we have an 
isomorphism ilj^^^^ ^ fc^'^^ as fcj^-vector spaces. In this paper, we do not assume \Jk\ < oo. Unless 
a particular mention is stated, we always fix a lift {tj}jeJK of a p-basis of kK and its p-power roots 

{^j IneNjGJjf in K, i.e., we have (f^ )p = t^. for n G N>o. 

For a ring R, denote the Witt ring with coefficients in R by W{R). If R is characteristic p, then 
we denote the absolute Frobenius on i? by : i? — >^ i? and also denote the ring homomorphism W{(p) : 
W{R) W{R) by tp. Denote by [x] G W{R) the Teichmiiller lift oi x e R. 
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For a j^-adically Hausdorff abelian group M of which p is a non-zero divisor, we define a p-adic semi- 
valuation of M as the map w : M — >• Z U {00} such that w(0) = 00 and v{x) = n if a; S p"M \ p^^^M. 
Note that we have the following properties 

v{px) = 1 + v{x), v{x + y) > inf {v{x), v{y)), v{x) = 00 a; = 0, 

for x,y € M. We can extend v to v : M[p~^] — > ZU {00}, which we call the p-adic semi-valuation defined 
by the lattice M. We also call the topology induced by v the p-adic topology defined by the lattice M. 

Let F be a non- trivial non-archimedean complete valuation field with valuation vp- Assume that an 
i^- vector space V is endowed with a countable decreasing sequence of valuations {u^"^ : V — > ]RU{oo}}„gN 
over F, i.e, we have 

v^°\x)>v^^\x)>-- - , v^''\Xx)=vf{X)+v^''\x), t;(")(a; + y) >inf(t;(")(a;),v(")(y)) 

for A e F and x,y £ V. We regard F as a topological F-vector space, whose topology is generated by 
:= {x e y|u(")(a;) > r} for n,r eN. Then, we call V a Frechet space (over F) if V is complete 
with respect to this topology (see [Schn02, § 8]). For Frechet sapces V and W, we define the completed 
tensor product V(8>fW as the inverse limit V/V^^ ®f W/W^r"^^ (see [Schn02, § 17]). 

For a multiset {ai}ig/ of elements in K U {00}, we denote {ai}ig/ — >■ 00 if for all n e N, there exists 
a finite subset 7„ of I sucii that Ui > n for all i € I \ In- Note that if |7| < 00, then the condition 
{0'i}iei — >■ 00 is always satisfied. 

In this paper, we refer to the continuous group cohomology as the group cohomology. For a profinite 
group G and a topological G-modulc Af, denote by H'"-{G,M) the n-th continuous group cohomology 
with coefficients in M. We also denote H°{G, M) by M"^. We also consider iJ«(G, M) for g = 0, 1 if M 
is a (non-commutative) topological G-group M. 

We denote by G N®^ the element whose i-th component is equal to 1 and zero otherwise. We will use 
the following multi-index notation: Let M be a monoid. For a subset of M and n = {ni)i^j S N®^ , 

we define := n^g/a;"' and x'"! := Tli^ju^' /nil when it has a meaning. We denote by |n| the sum 
J2iei''^i S N®^. If no particular mention is stated, for an index set I, we denote by u/ or v/ 

formal variables {uj},£/ or {vijjgj respectively. 

For group homomorphisms f,g : M ^ N oi abelian groups, we denote by M^^^ the kernel of the 
map f - g : M ^ N. 

1 Preliminaries 

This preliminary section is a miscellany of basic definitions and facts, conventions, remarks used in the 
paper. Although we will give some proofs for convenience, the reader may skip the proofs by admitting 
the facts. 

1.1 Cohen ring 

Let k be a field of characteristic p. Let G(fc) be a Cohen ring of fc, i.e., a complete discrete valuation ring 
with maximal ideal generated by p and the residue field k. This is unique up to a canonical isomorphism 
if k is perfect (in fact, C{k) = W{k)) and unique up to non-canonical isomorphisms in general. Denote 
Jc{k)[p-^] by J for a while. For a lift {tj}jej C C{k) of a p-basis of k, we regard C{k) as a Z[Tj]jgj- 
algebra by Tj i->- tj. This morphism is formally etale for the p-adic topologies. In fact, we may replace 
Z[Tj]j^j by R := {Z[Tj]j^j)(py Since C{k)/R is flat and k/Fp{Tj)j^j is formally etale for the discrete 
topologies, C{k)/R is formally etale by [EGA IV, 0.19.7.1 and 0.20.7.5]. 

By the lifting property, we have an injective algebra homomorphism G(fcif) Ok, which is totally 
ramified of degree ck- We will denote by Kq the fractional field of the image of C{k) in K. By the 
lifting property again, we have a lift (p : Okq Cifo of the absolute Frobcnius of kx- It is unique if kx 
is perfect and non- unique otherwise. An example of (p is (p{tj) = for all j € Jkq- We also note that 
Oko is unique if kx is perfect and non-unique otherwise. Moreover, in the case when kx is imperfect, 
the construction of Kq cannot be functorial in the following sense: For a finite extension L/K, we cannot 
always choose Kq C K and Lq C L such that Kq C Lq. 

Finally, note that for a given lift {tj}j^j,i C Ok of a p-basis of kx, we can choose Okq such that 
we have {tj}jeJK C Okq- In fact, we regard Ok as a ZfTjjjgj^^-algebra by sending Tj to tj. Choosing 
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a lift {t'j}jeJK C{kK) of the p-basis {tjjjgjjf C kx and we regard C{kK) as a Z[Tj]jgj^-algebra by 
Tj t'j. Then, we lift the projection C{kK) ^ fcx to a Z[rj]jgj^-algcbra homomorphism C{kK) — >■ Ok 
by the lifting property, whose image satisfies the condition. Thus, if we choose a lift {tjljej^ of ap-basis 
of kK, we may always assume that we have {tj}jeJK C Kq. 

1.2 Canonical subfield 

We first recall the following two lemmas, which are proved in [Epp73, 0.4]. We give proofs for the reader. 
Lemma 1.1. Let k be a field of characteristic p. 

(i) The field k^ is algebraically closed ink. In particular, the fields {k^ and k are linearly disjoint 
over kP°° . 

(a) For a finite extension k'/k^"" , we have k' = [kk'Y^ . 
Proof. (i) The assertion follows from the fact that any algebraic extension over a perfect field is perfect. 

(ii) As is mentioned in the above proof, k' is perfect. By (i), we have kk' = k (E)kp°° k'. Hence, we have 
{kk')P" = kP" Ofcpoo k' and 

(A:fc')^°° = n„(F" (8)fep~ k') = Ofcpoo k' = k'. 

□ 

Lemma 1.2. Letl/k be an algebraic extension of fields of characteristic p. 

(i) If l/k is a (possibly infinite) Galois extension, then 1^°° /kP°° is also a (possible infinite) Galois 
extension. Moreover, the canonical map Gi/k Gip=° i^v°° is surjective. 

(ii) If l/k is finite, then P /k^ is also a finite extension. Moreover, we have [P : k^ ] < [I '■ k]. 

Proof. (i) We may easily reduce to the case that Z/fc is finite Galois. Obviously any fc- algebra endomor- 
phism on I induces a k^ -algebra endomorphism on P . In particular, F and P are G;/fc-stable. 
Since the Frobenius commutes with the action of Gi/k, we have (P")'^'/* = (l^i/hy" = ^p", 
taking an intersection, we have = kP°° . For x G let f{X) G k[X] be the monic 

irreducible separable polynomial such that f{x) = 0. Then all the solutions of / belongs to P 
and we have f{X) e = kP'"[X]. This implies that 1^°° /k^" is a Galois extension. The 

latter assertion follows from the equality {F = k^ . 

(ii) We may assume that l/k is purely inseparable or separable. If l/k is purely inseparable, then I is 
generated by finitely many elements of the form x^ " with n G N and a; G fc as a fc-algebra. Hence 
we have P C k for some n, i.e., = P . Assume that l/k is separable. The first assertion 
is reduced to the case that l/k is a Galois extension, which follows from (i). Since the canonical 
fc-algebra homomorphism P (gij^poo k I is injective by Lemma 1.1 (i), we have [P : k^ ] < [I ■ k]. 

□ 

Defintion 1.3. (i) (cf. [Hyo86, Theorem 2]) We define the canonical subfield Kcan of K as the alge- 
braic closure of W{k^ )\p~^] in 

(ii) (cf. [Hyo86, (0-5)]) We define Condition (H) as follows: 

K contains a primitive p^-th root of unity and we have eK/K^,^„ = 1- 

Note that Kcan is a complete discrete valuation field of mixed characteristic (0,p) with perfect residue 
field k^ . If kK is perfect, then we have Kcan = K. We also note that the restriction Gk — ^ Gk^^^ is 
surjective since JTcan is algebraically closed in K. We will regard Gk^b^,, as a quotient of Gk in the rest 
of the paper. 

Remark 1.4. (i) In [Bri06, Notation 2.29], if can is denoted by K'^ since isTcan coincides with the 
kernel of the canonical derivation d : K Cl]^ (Proposition 1.12 below). 
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(ii) The canonical morphism 

is injective since we have e^o/K^^^o ~ ^ ^can/^can,o is totally ramified. Note that we have 
Cx/Kcan = 1 if and only if the above morphism is surjective. 

The foUowings are the basic properties of the canonical subfields used in this paper. 

Lemma 1.5. LetL/K be a finite extension. 

(i) The fields (-RTcan)'^'^ and K are linearly disjoint over ifcan- 

(ii) If L/K is Galois, then ican/-?^can is also a finite Galois extension. Moreover, the canonical map 
Gl/k Gl,,^/k,^^ is surjective. 

(Hi) The field extension Lcan/-K'can is finite with [Lean : -^can] < [L : K]. 

(iv) If K'/Kcan is a finite extension, then we have {KK')ca.n = K' . 

Proof. (i) Since -ftTcan is algebraically closed in K, we have (iV'can)'*'^ r\K = i^can, which implies the 
assertion. 

(ii) Since fc^ /A;^ is finite by Lemma 1.2 (ii), we have Lean = L H (-K^can)"'^- Hence we have Lean H 
K = Kcan- Since LcanZ-K^can is algcbraic, L^an s-iid K are linearly disjoint over -K^can by (i). Let 
X G Lean and f{X) S it'canl-'^] be the monic irreducible polynomial such that f{x) = 0. By 
the linearly disjointness, f{X) is irreducible in Since L/K is Galois, all the solutions of 

f{X) = belong to L n {Kca.n)^^^ = Lean- This implies that Lcan/Kcan is Galois. Since we have 

(Lcan)'^'^''^^ = Lean H K = K^an, wc havc thc rcst of the assertion. 

(iii) The finiteness of Lean/-f^ean is reduced to the case that L/K is Galois, which follows from (ii). 
Since the canonical ii'-algebra homomorphism Lean ^J^can K ^ L is injective by (i), we have 

[Lean ■■ Kean] < [L : K]. 

(iv) The assertion follows from the inequalities 

[K' : Kean] < [{KK%an : ^ean] < [KK' : K] = [K' : i^ean], 

where the second inequality follows from (iii) and the last equality follows from the linear disjointness 
of K and K' over i^ean by (i). 

□ 

Theorem 1.6 (Thc complete case of Epp's theorem [Epp73]). There exists a finite Galois extension of 

K' /Kcan such that KK' satisfies Condition (H). 

Proof. By the original Epp's theorem, we have a finite extension K'/K^an such that we have e^K' /k' = 1- 
We have only to prove that we have exK"/K" = 1 for any finite extension K"/K'. In fact, if we choose 
K" as thc Galois closure of K'{iJ,p2) over K, then K" satisfies the condition by Lemma 1.5 (iv). Since we 
have KK" = {KK') ®k' K" by Lemma 1.5 (i) and (iv), we have eKK"/KK' < ^k"/k'- By multiplying 
ckk' = ck' , we have ckk" < ck" , which implies the assertion. □ 

Example 1.7 (Higher dimensional local fields case). We say that K has a structure of a higher dimen- 
sional local field if K is isomorphic to a finite extension over the fractional field of a Cohen ring of the 
field 

F,((Xi))((X2))---((X,)) 

with q = (see [ZhuOO] about higher dimensional local fields). In this case, K^an coincides with the 
algebraic closure of Qp in K. In fact, we have only to prove that fc^ is a finite field. By Lemma 1.2 (ii), 
we may reduce to the case JtK = Fq((Xi)) • • • ((X^)). Then, the assertion follows from an iterative use of 
the following fact: If /c is a field of characteristic p, then we have ki^X^jP = . We will prove the fact. 
Obviously, the RHS is contained in the LHS. Let / = X^„^_oo € fc((X))P~ with a„ e k. Since we 

have / e k{{X))'P , we have a„ = if p | n and a„ S fc^ otherwise. By repeating this argument, we have 
a„ = for n 7^ and / = oq G kP°° . 
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1.3 Canonical derivation 



Defintion 1.8 (cf. [Hyo86, § 4]). Let q G N. For a complete discrete valuation ring R with mixed char- 
acteristic (0,p), let := ^m^ ri^^^/p"f2^y2 ^^'^ d : R ^ d]^ the canonical derivation. Let ^^^[p-i] := 
f2^[p~^] for g e Z, d : — > ^^^[p-i] the canonical derivation and dg : ^K^p-i] ^he morphism 

induced by the exterior derivation, which satisfies a usual formula dq{\uj) = XdqUj+{—l)''ujAdX ioi X € K 
and u} e We endow ^^^[p-i] with the p-adic topology defined by the lattice Im(f^|j d%^-ij)- 

Obviously, the above derivation dg is continuous. 

For q e Z<o, we put ^^^-ij := as a matter of convention. 

The followings are the basic properties of the canonical derivations used in the following of the paper. 
Lemma 1.9 ([Hyo86]). Let g G N. 

(i) We have the OKo-Hnear isomorphism 



^0^„ - liE((Cifo/P"C>^o) "Sz A|(Z®-^^)); dtj, A • • • A dtj^ ^ e,-, A • ■ • A e 



In particular, is a free OkoI {p"')-fnodule. 

(a) We have a canonical isomorphism 

(Hi) Let L he a finite extension over the completion of an unramified extension of K. Then, we have a 
canonical isomorphism 

L^K^K^ hi- 
proof. The assertions (i) and (ii) follow from [Hyo86, Lemma (4.4), Remark 3] respectively. We will prove 
the assertion (iii). We first note the following fact: Let a : M — >• M' be a morphism of Oi-modules whose 
kernel and cokernel are killed by p"^ for c € N. Then, for any Oi-module M", the kernel and cokernel of 
the morphism id (g) a : M" (S)Ol ^ ~^ ®Ol ^■re killed by p^'^. In fact, if a is injective or surjective, 
then the cokernel and kernel are killed by p'^ by the calculation of Tor^^ . The general case follows easily 
from these cases by writing a as a composition of an injection and a surjection. In particular, the kernel 
and cokcirncl of a®^ : M®' M'®' are killed by p^''^. In fact, it follows from the following decomposition 
and induction on q: 

The canonical exact sequence ([Scho98, § 3.4, footnote]) 

^ Ol ®Ok ^Ok/Z ^ ^Ox,/Z ^ ^Ol/Ok ^ ^ 

induces the exact sequence 

where ^q^/Oj^[p"'] denotes the kernel of the multiplication by on H.^^^^^. Fix c G N such that 
P'^^Ol/Ok ~ ^' Then, the kernel and cokernel of a„ are killed by p". Denote by Q„ and Q„ the kernel 
of the canonical maps 

^h,i^L 1^^,/z/b")) ^ ^%S'^L 

®'h,^\>,/J{P^)^%,,J{P'')- 

We consider the commutative diagram 
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We have only to prove that the kernel and cokerncl of A''a„ are killed by p^"^^ . Indeed, if this is true, 
then we decompose the canonical map : Ol ®Ok ^o^/z/^^*") ~^ ^c>i,/z/(?'") ^"^^^ following exact 
sequences: 

^ kera« Ol ^^/Jip"") — Im< 0, 

^ Im< ^./Jif") cok< ^ 0. 

By passing to limits, we obtain the following exact sequences 

^ 1^^ ker a« Ol ®Ok ^Ok ^^"^ 

*-^^ImQ;« ^^n^^ ^^^^coka«. 



Since kcra^ and coka^ arc killed by p^'^'^ , kcra^ and ^kn^ kera^, ^uncoko:^ arc also killed by p^^" 

([NSW08, Proposition 2.7.4]). Hence, the kernel and cokernel of the canonical map Ol ®Ok ^'ok ~^ Ol 
are killed by p^*'^ and p^^'^ respectively. By inverting p, we obtain the assertion. 

Note that the kernel and cokernel of a®^ are killed by p^''^ by the assertion that we have shown 
in the first paragraph of the proof. By snake lemma, it suffices to prove that the cokernel of the map 
O-n'^ ■ Qn Qn IS killed by p''^. The O^-modulc Qn is generated by the elements of the form x := 
xi ^ ■ ■ ■ (S) Xq with Xi e ^e)i,/z/(P") ^^'^^ that Xi = xj for some i ^ j. Since the cokernel of a„ is killed 
by p'''. there exist yi, . . . ,yq S Ol ®Ok ^Oj^/z/(p") ^^^^ that (Ui) and yi = y^. Hence we have 

p'^^'x = (p^xi) ® • • ■ (g) {p'^Xq) ~ ctn''{yi ® ' ' ' ® Vq) ^ud Vi® • ■ • ®yq G Q„, which implies the assertion. □ 

Remark 1.10. If we have [kx ■ fc^] = p'' < oo, then we have dim^ = (^) < oo for 5 G N by 
Lemma 1.9. In particular, the canonical derivation d is iiTcan-hnear since the restriction factors 
through = by functoriality. 

Defintion 1.11. Fix a lift {tj}jeJK C Okq of a p-basis of Uk- By using Lemma 1.9 (i), dx for x G 

Okq is uniquely written of the form X^jej^^ ® where we have C Oko such that 

{vp{dj{x))}j^jj^ — >■ 00. Note that {dj}j^jj^ are mutually commutative derivations of Oko by the formula 
di od = 0. We also note that dj is continuous since we have the inequality Vp{dj{x)) > Vp{x) for x G Oko, 
which we can check by taking modulo p. 

The following is another characterization of the canonical subfields. 

Proposition 1.12 ([Bri06, Proposition 2.28]). We have the exact sequence 

i^can K n],. 

Proof. We first reduce to the case K = Kq. In the case that K satisfies Condition (H), we obtain 
the exact sequence by applying -ftrcan®ifcan,o to the exact sequence for K = Kq by Remark 1.4 (ii) 
and Lemma 1.9 (iii). In general case, we choose a finite Galois extension K'/Kc^n such that KK' 
satisfies Condition (H) by Epp's theorem 1.6. Since we have K' (S>Kc^„ ^ — KK' by Lemma 1.5 (i) and 
i^]<K')'^'^'^'^'""' = by Lemma 1.9 (iii), the assertion follows from Galois descent. 

We will prove the assertion in the case K — Kq. We may replace i^can, K and 12]^ by Ok^^^j and 
^Oj^ respectively. Notation is as above. Let <^ be a Probenius on Ok uniquely determined by (p{tj) = t^ 
for j G Jk- Let (p* : Q]^ Q]^ be a Probenius induced by tp. Since we have d o = ip^ o d, hy a simple 
calculation, we have dj o (p = pt^~^ip o dj, i.e., {tjdj) o ip =pipo {tjdj) for j G Jk- 

The ring (^{Ok) is a complete discrete valuation ring of mixed characteristic (0,p) and we may regard 
its residue field as k^. Let A := {0, . . . ,p — 1}®-^^. Since the image of {t^jneA ™ forms a /c^-basis of 
kx, by approximation, every element x G Ok is uniquely written in the form x = J2neA V>{^n)'t"', where 
o-n G Ok such that {up(an)}neA 00. We will claim that for (p"(a;) G ker d with n G N and x G Ok, we 
have X G (p>{Ok)- Since the Probenius (p^ on is injective by Lemma 1.9 (i) and the commutativity 
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d o (f = ip^, o d, we may assume n = 0. By definition, we have dj{x) = for all j € Jk- By a simple 
calculation, we have 



neA tigA neA 

Hence, we have — —nj^ptjdj{an) if nj ^ 0. Therefore, for n S A \ {0}, we have Vp(an) > Wp(a„) + 1 
by taking v^, i.e., = 0, which implies the claim. By using the claim, if we have x G kerd, then we have 
X 6 n„gN'/5"(C'/f )• Since the complete discrete valuation ring n„gN'/'"(Ci<') is absolutely unramified with 
residue field , the inclusion Ok^^^ C n„gN</?"(0/f ) is an equality by approximation, which implies the 
assertion. □ 

1.4 A spectral sequence of continuous group cohomology 

The following lemma is a basic fact when we calculate a continuous Galois cohomology, whose coefficient 
is an inverse limit of p-adic Banach spaces with surjective transition maps. For example, we need it later 
when we calculate cohomology of B^j^-modules. 

Lemma 1.13 (cf. [NSW08, Theorem 2.7.5]). Let G he a profinite group and {M„}„gN be an inverse 

system, of continuous G-modules (each M„ may not be discrete) such that the transition map M^+i — > M„ 
admits a continuous section as a topological space for all n G N. Let := ^mM„ be a continuous 
G-module with the inverse limit topology. Then, we have a canonical exact sequence 







^ m-\G, Mn) ^ iJ«(G, Moo) ^ ^„ Hi{G, Mn) - 

for all (? G N, where ^m* is the derived functor of ^m in the category of inverse systems of abelian groups 
with directed set N. 

Proof. Let := C*^^^. (G, Moo) (resp. C* := C'^^j (G, M„)) be the continuous cochain complex of G 
coefficients in Moo (resp. M„). Then, {C*}nen forms an inverse system of cochain complexes and we 
have = ^m^C*. Moreover, the transition maps of the inverse system {C*}„eN are surjective by the 
existence of continuous sections, in particular, {C*}nen satisfies the Mittag-LefHer condition. Then, the 
assertion follows from [Wei94, Variant in pp.84]. □ 

1.5 Hyodo's calculations of Galois cohomology 

We will recall Hyodo's calculations of Galois cohomology. For n G Z, denote by Zj,(n) the n-th Tate twist 
of Zp. For a Zp[Gj<:]-module V, let V{n) := V Zp(«)- 

Theorem 1.14 ([Hyo86, Theorem 1]). For n € N and q €Z, we have canonical isomorphisms 



H^{Gk,CM) 



q ^ n,n — 1 
otherwise. 



We will generalize the following theorem as an application of Main Theorem in § 7. 
Theorem 1.15. (i) ([Hyo86, Theorem 2]) We have the exact sequence 

^H\Gk^^M'^))^H\Gk,'LA'^))^^H\Gk,Cp{1)). 

(ii) ([Hyo87, Theorem (0-2)]) If is separably closed, then we have the canonical isomorphism 

Inf : H\GK^^Mn)) = H\GK,Mn)) 

for n G Z^i . 
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1.6 Closed subgroups of Gk 



Let L be an algebraic extension of K hi'Cp. Let L ^ be the algebraic closure of L'vaCp. Let M be a finite 
extension of i and choose a polynomial f{X) £ L[X] such that M = Let /o(-^) £ be 

a polynomial such that the p-adic valuation of the coefficients of / — /o is large enough. Then, we have 
M = L[X]/{fo{X)) by Krasner's lemma. In particular, the algebraic extension (M n L'^^s)/L is dense in 
M. Hence, we have a canonical morphism of profinite groups Gl — > G^, which is an isomorphism with 
inverse G^ — )• GlIO 5|l»18- In the following of the paper, we will identify Gl with G^ and we also 
regard G^ as a closed subgroup of Gk- 



1.7 Perfection 

For a subset J of Jk, we denote the p-adic completion of the field [JneNK{{t^ }jej) by Kj. Then, Kj 
is a complete discrete valuation field of mixed characteristic (0,p) with bkj/k = 1 and its residue field is 

isomorphic to U„gNA;if ({t^ liej)- We also denote Kj^ by K^^ , which is refereed as a perfection of K 

since the residue field fc^pf = fc^? of K'^^ is perfect. Since we may assume that {ijljgjK is contained in 
Kq (§§ 1.1), we may regard {Kq)j as {Kj)o, which is denoted by Kj^ for simplicity. 

Let 'P{Jk) be the subsets of Jk consisting of subsets J S Jk such that Jk \ J is finite. Note that we 
have [kKj ■ k^j] = j?''^^^'^' < cx) for J G 'P{Jk) since forms of a p-basis of Ukj- We regard 

V{Jk) as an inverse system with respect to the reverse inclusion. Then, we have 

1^ Kj= fl K.J, 

JeV(JK) J&V(Jk) 

i.e., K is represented by an inverse limit of complete discrete valuation fields, whose residue fields admit 
a finite p-basis. In fact, if we put Jk an well-order by the axiom of choice, then for J G 'P{Jk), the 
subset 

ji:^---:^jm&J,o< ttj, < p"^' e N>ol 

(p, Oj J = 1 for 1 < j < TO e N>o J 



of Kj forms a basis of Kj as a i^-Banach space. If Ji C J2 are in V{Jk), then we have f C Sj^ and 
the assertion follows from the fact {1} = C^je-p{JK)^J- 



1.8 G-regular ring 

We will recall basic facts about G-regular rings. See [Fon94b, § 1] for detail. 

Let S be a topological field and G a topological group. A finite dimensional £^-vector space V is 
an i?-rcpresentation of G if F has a continuous E'-linear action of G. We denote the category of E- 
representations of G by Rep^G. We call B an {E, G)-ring if i? is a commutative i^-algebra and G acts 
on B as £^-algebra automorphisms. Let B be an {E, G)-ring. For V e Rep^G, let Db{V) := {B iSie V)*^ 
and we will call the following canonical homomorphism the comparison map: 

aeiV) : B ®bg Db{V) -^B^eV. 

We say that an {E, G)-ring B is G-regular if the followings are satisfied: 

(G ■ The ring B is reduced; 

(G • R2) For all V G Rcp^G, aB{V) is injcctivc; 

(G • i?3) Every G-stable _E-line in B is gcnieratcd by an invcrtible element of B. 

Here, a G-stable E'-line in B means one-dimensional G-stable vector space in B. The condition (G-Rz) 
implies that B^ is a field. We say that V G Rep^jG is B-admissible if aBiy) is an isomorphism. We 
denote the category of _B-admissible i?-representations of G by Rep^/^G, which is a Tannakian full 
subcategory of Rep^jG ([Fon94b, Proposition 1.5.2]). 

Notation. We will call an object of RepQ^G/^ a p-adic representation of Gk- For a (Qp, Gis:)-ring B, 
we denote Repg^Q^Gif by Rep^G/f if no confusion arises. 
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We recall the basic facts about G-rcgular rings used in the following of the paper. 

Lemma 1.16. Let B he a field and G a group, which acts on B as ring automorphisms. Let M be a 
finite dimensional B-vector space with semi-linear G-action. Then, the canonical map 

B (g)BG M*^ M 

is injective. In particular, we have dimgc M*^ < dims M. 

Proof. Suppose that the assertion does not hold. Let n G N be the minimum integer such that there exists 
n elements vi, . . . ,Vn & , which is linearly independent over B^ but not over B. Let X^i<j<„ = 
be a non-trivial relation with Aj € B. Since B is a field, we may assume that Ai = 1. Then, we have 

= (5 - 1) I ^i'"^ I = E - ^^)^- 

yi<i<n J l<i<n 

Hence, we have Ai e B*^ by assumption, which is a contradiction. □ 

Example 1.17 ([Fon94b, Proposition 1.6.1]). All (iJ, G)-rings, which are fields, are G-regular. In fact, 
we have only to verify {G ■ R2), which follows by applying the above lemma to M := B iS:eV. 

Lemma 1.18 ([Fon94b, Proposition 1.4.2]). Let B be a G -regular [E, G)-ring and V an E -representation 
of G. Then, we have dm^BG Db{V) < dim^ 1^- Moreover, the equality holds if and only if V is B- 
admissible. 

Lemma 1.19 ([Fon94b, Proposition 1.6.5]). Let B be a G-regular {E,G)-ring and B' an E-subalgebra 

of B stable by G. Assum,e that B' satisfies (G ■ R3) and the canonical m,ap B'^' (^^g,a B' B is injective. 
Then, B' is a G-regular {E,G)-ring. Moreover, ifVG Rep^G is B' -admissible, then V is B-admissible 
and the canonical map 

B^ ®B'0 Db'{V)^Db{V) 

is an isomorphism. 

Lemma 1.20 ([Fon94b, Corollaire 1.6.6]). Let B' be an integral domain, which is an {E,G)-ring. If the 
fractional field B of B' satisfies (G • R3) and B"^ = B^ , then B' is Gx-regular. 

Remark 1.21 (Restriction). Let _B be a G-regular G)-ring and H a subgroup of G such that B is 
i?-regular as an i?)-ring. If ^ G Rep^G is B-admissible, then V\h is also B-admissible in Rep^B. 
Moreover, we have a canonical isomorphism B^ 0bg DBiy) = Db{V\h). In fact, the admissibility of 
V implies that we have the comparison isomorphism B ®bg Db{V) ^ B ®e V as i?[G/f ]-modules. By 
taking B-invariant, we have B^ igj^G Db{V) = Db{V\h). In particular, we have dimBH Db{V\h) = 
dimgG Db{V) = diuiE V, which implies the B- admissibility of V\h by Lemma 1.18. 

2 A generalization of Sen's theorem 

The aim of this section is to prove the following generalization of Sen's theorem on Cp-representations. 

Theorem 2.1 (cf. [SenSO, Corollary in (3.2)]). Let V G RepQ^Gi<-. The followings are equivalent: 

(i) There exists a finite extension L over the maximal unramified extension of K such that Gl acts on 
V trivially; 

(ii) V is Cp- admissible; 

(Hi) y|ifpf is Cp-admissible as an object of Kepq^G j^pf . 

Lemma 2.2. Let E be a field of characteristic and p : a group homo- 

morphism with n,r E N>o and {ni)i^j G , where the action of Uq '^ on lin^ip'^^'Lp is given by scalar 
multiplications. If kerp contains an open subgroup of UqJ , then the image of p is finite. 
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Proof. By shrinking UqJ , we may assume that kcr p contains UqJ . Also, we may assume that E is 
algebraically closed. Let xq := 1 +p" e Uq \ x e nig/p"*Zp. By the fact that kcrp is a normal subgroup 
of UqJ k njg7p"'Zp and a simple calculation, we have (1, £c)~^(a;o, 0)(1, a;)(a;(^^, 0) = (1, (xg — l)x) = 
{l,p"x) e kerp. In particular, kerp contains UqJ K njg/p"+"'Zp as a normal subgroup. By taking the 
quotient of U by this subgroup, p factors through a group homomorphism p : (Z/p"Z)^ — >■ GLr{E). 

To prove the assertion, it suffices to prove that for any finite subset 5* of Imp, we have |5| < p"^. 
For g G Imp, g is conjugate to a diagonal matrix, whose diagonal entries are in /Zpn (E) since the order 
of g divides p". Since the elements of S are mutually commutative, S is simultaneously diagonalizable. 
Hence, up to conjugate, S is contained in the set {diag(ai, . . . , ar)\ai G fj.pn{E)}, whose order is p"''. □ 

Proof of Theorem 2.1. The implication {i) (m) follows from Hilbcrt 90 and (m) {Hi) follows from 
Remark 1.21. We will prove {iii) =^ («). Note that if kx is perfect, then the assertion is Sen's theorem 
([SenSO, Corollary in (3.2)]). 

By replacing i^T by a finite extension of K™ , wc may assume that kx is separably closed and K 
satisfies Condition (H). In this case, the assertion to prove is that Gk acts on V via a finite quotient. 
Since the residue field fc^ of K"^^ is algebraically closed, G^pf = Gk^oo acts on V via a finite quotient 

by Sen's theorem, where K^^° := UnenK{{t^ }jeJK)- Hence, there exists a finite extension L/K such 
that GLKe°° acts on V trivially. In particular, if wc put Koc '■= K^'^°{iipoa)^ then Glk^ acts on V 
trivially. In the following, we regard as a p-adic representation of Glk^/l- Take a basis of V and let 
p' : Gi^K^/L GLriQp) be the corresponding matrix presentation of V with r := dimQ^ V. We have 
only to prove that the image of p' is finite. 

Since K satisfies Condition (H), we have an isomorphism G^^/k — ^^q""'' "^'l^ i where no G N>i 
satisfies Gk(ij,^oc)/k — ^qj^ via the cyclotomic character and C^q""^ acts on Z^^ as the scalar multipli- 
cations (see [Hyo86, § 1] for detail). We have Gi,k^/lkso° < kerp' <c GlKoo/l- By using the restriction 
map Res^^^ and the above isomorphism, we may regard these groups as subgroups of Uq'°^ ix Z^^. Since 
Glk^/l is an open subgroup of Gk^/k-, there exists n € N and {nj)j^jj^ € N"^*^ such that GlKoo/l 
contains U := C/q"'' k njgj^p"^Zp as an open subgroup. Since Glk^/lks"" is an open subgroup of 

Gk^/ks<='> = GK(fip,y:,)/K — ^q""'' — ^p; kerp' contains an open subgroup of UqJ. Therefore, the group 
homomorphism p := p'\u : U — >■ GLr{Qp) satisfies the assumption of Lemma 2.2, hence, the image of p 
is finite. Since U is open in GlKoo/l, we obtain the assertion. □ 

3 Basic construction of rings of p-adic periods 

Throughout this section, let /C be a closed subfield of Cp, whose value group Vp{K^) is discrete. We will 
recall the construction of rings of p-adic periods 

^mi,Cp/K^ ®cris,Cp/A:> ®st,Cp/K:) ^dK,Cp/K^ ®HT,Cp/A: 

due to Fontaine [Fon94a], which is functorial with respect to Cp and IC. We also recall abstract algebraic 
properties of these rings as in [Bri06]. Although we do not assume JC = K, standard techniques of proofs 
in the case 1C = K, which are developed in [Fon94a, Bri06], can be applied to our situation. 

3.1 Universal pro-infinitesimal thickenings 

Defintion 3.1 ([Fon94a, § 1]). A p-adically formal pro-infinitesimal CK;-thickening of Ccp is a pair 

{D,6d) where 

• _D is an C^c-algebra, 

• 9d '■ D ^ OCp is a surjective O^i-algebra homomorphism such that D is (p, ker0)-adic Hausdorff 
complete. 

Obviously, p-adically formal 0K:-thickenings of Ocp form a category. 

Theorem 3.2 ([Fon94a, Theoreme 1.2.1]). The category of p-adically formal pro-infinitesimal Oic- 
thickenings o/Ocp admits a universal object, i.e., an initial object. 
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Such an object is unique up to a canonical isomorphism and we denote it by {^iat,Cp/Ki(^Cp/K)- 
Note that ^ini,Cj,/K is functorial with respect to Cp and K,. We recall the construction. Let Rc^ := 
^^xH->xP ^Cp/pCcp be the perfection of the ring Ocp/pOc^- We have the canonical isomorphism 

Hm Ocp Rcp-, (a;^"')„eN (a;("Vod pOcJneN, 

x^xP 

where the addition and the multiplication of the LHS are given by 

+ {2/(")))„ = lim(x("+'") + 

m 

. (y(")) = (a;(")i/(")). 
.(0) 



X^mgnP"!^"] '"^ S^neNP"^" be a surjective algebra homomorphism. Let 



Or be the linear extension of 0r 



Then, 



Mnf,Cp//C 



is the Hausdorff 



Let ^c,/Q, : W{Rcp) ^ 
Ocp/ic ■■ Ok: ®z T^(i?cJ ^ 
completion of O^; ®z W{Rcj,) with respect to the {p,ker 6c^/jQ)-a,dic topology. We will give an ex- 
plicit description of Ai^f c^/^c in the following: Note that the description, together with an isomorphism 
W{Rcp) = Ainf Cp/Qp (Remark 3.5), immediately implies that Mnf,Cp/ic is an integral domain (at least) 
when we have K. = ICq. 

We define tj := {tj,t^ ,■■■)& Rcp and uj := tj - [i,] G ker^Cp//Co- Let Wi„f,Cp//c be the p-adic 
semi- valuation of Aj^f c^/k;- We define an Ainf c^/Qp -algebra 



W,Cp/Qp{uJk} '■- 



a-n G Ai„f^Cp/Qp. {^^mf,Cp/Qp(a«)}|,t|=n -> 00 for all n G N 



and we extend 6'cp/Qp to a surjective Ai„f_Cp/Qp-algebra homomorphism t?Cp//c : Mn{,Cp/Qp{'^Jic} 
by '^Cp//c(uj) = 0. Then, (Ainf^c^^/Qpluj^}, ■i?Cp/K;) is a p-adically formal Zp-pro-infinitesimal thick- 
ening of Ocp- We have a canonical Ainf,Cp/Qp -algebra homomorphism Li^f^Cp/K ■ ^inf,Cp/Qp{uj/c} 
Ai„f,Cp//c;u" 

Lemma 3.3. // we assume K. = ICq, then tinf,Cp/K an isomorphism. In particular, we have 

Vinf,Cp/K.{x) = inf ViniXp/QpM 
for X = EneN®-'K: "'rtU'^ ^ -'^inf.Cp/Qp • 

Proof. Denote A = Mn{,Cp/Qp{'^Jjc} and = ^Cp/ic- We regard as a Z[rj]jgjj^- algebra as in §§ 1.1. 
We also regard .4, as a Z[Tj]jgj^-algebra by Tj i-^ [tj] + Uj. Then, by the lifting property, we can 
lift the canonical O/c-algebra structure on ^/(p, keri?) = Ocp/{p) to an O^i-algebra structure on ^ = 
]^^>l/(p,keri?)": 

Ok > Ocp 



str. 



3! 



By this structure map, we may regard .4 as a pro-infinitesimal Oyc-thickening of Or- . By universality, 



we have only to prove that ij^f 



Cp/K 



is an 0j<;-algebra homomorphism. Let a : Ojc 



Hni,Cp/K 



be the 



composition of the structure map O/c A and tinf,Cp/JC- Since (-inf.Cp/K commutes with the projections 
1? and ^Cp/AC) we have the commutative diagram 



Ok 



■Of 




'Cp//C 



infjCp/K) 



where the horizontal structure map is given by Tj tj. By this diagram and the lifting property, a 
coincides with the structure map Ojc — >■ Ainf_Cp/A: modulo {p,kei Ocp/k)" for all n G N. Since Ainf_c^/;c 
is (p, ker^Cp/A:)-adically Hausdorff complete, a coincides with the structure map Ok — >■ Ainf_Cp/A:, which 
implies the assertion. □ 
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For general K,, we have the foUowing: 



Lemma 3.4. (i) The canonical map 
is an isomorphism. 

(a) If£/JC is a finite extension with [kc ■ kic\sep = 1> then the canonical map 

Oc ®Ok Mnf,Cp/JC Mnf,Cp/C 

is an isomorphism. 

(Hi) Let C be a finite extension of the p-adic completion of an unramified extension of K. Then, the 

canonical map 

Ai„f,c,/K;b"']/(kerec,//c)" ^ ^ini,Cp/ c\p-^]/{^evecjcT 
is an isomorphism for all n €N. 

Proof. (i) The assertion is equivalent to say that the category of p-adically formal CK;-pro-infinitesimal 
thickening of is equivalent to the category of p-adically formal O^c^'-pro- infinitesimal thickening 
of Ocp- Let {D,9d) be a p-adically formal O^-pro- infinitesimal thickening of Ocp- Then, we have 
only to prove that there exists a unique O/c-algehTa. homomorphism Ojc^r — >■ D such that 6d is an 
O/^i.i -algebra homomorphism. By devissage, we may replace Dhy D / {p, kcrOjj)" with n G N. Since 
0D induces an isomorphism D/{p,kei6n) = Oc^/{p) and Oic^t/Ok. is p-adically formally etale, the 
assertion follows from the commutative diagram 

Ok^^D/{pM^0dT. 



(ii) By assumption, the canonical map Oc ®Ok ^k:"' ^ Oc'^ is an isomorphism. By using this fact 
and (i), we may replace /C, C by K.™ , respectively. In particular, we may consider the case that 
Uk. is separably closed, where the condition [kc ■ k/cjsep = 1 is always satisfied. By faithfully flat 
descent, the assertion is reduced to the case that £/JC is Galois. Since C/JC is a solvable extension 
by the solvability of the inertia subgroup [FV02, Exercise 2, § 2, Chapter II], we may assume that 
C/IC has a prime degree. 

By universality, we have only to prove that the LHS is a p-adically formal O^-pro- infinitesimal thick- 
ening of Ocp. Hence, it suffices to verify that Oc^OK^inf,Cp/K is (p, /)-adically Hausdorff complete, 
where I denotes the kernel of the canonical map 1 ® dcp/ic '■ ®Ok. ^ivI.c^ik ^ ^Cp- Since we 
have an isomorphism of Ai„f_Cp//c-modules Oc ®Ok Mn{,Cp/ic - (Ai„f,Cp/K)'^''^', we have only to 
prove that the topologies of Oc ®Ok. Mnf,Cp/K: defined by the ideals {p, I) and {p, I') are equivalent, 
where /' denotes the ideal of Oc ®Ok Mn{,Cp/K generated by ker (6'cp//c : Mn{,Cp/K ^ Ocp). By 
definition, we have {p,I') C (p, /)■ We have only to prove that we have 7" C {njc 1,7') for some 
n G N since is divided by p. 

In the following, for x S Ocp, we denote by x any element x G i?Cp such that x^°^ = x. Since we 
have TT/c CSi I — I (Si [ttk] G I', we have (ttj^ ® 1, 1 ® [t^k]) C {ttk: ® 1, /'). Note that if a; G Oc is 
a cyclic base, i.e., l,x,. . . ,x^^-'^^~-^ is an Oyc-basis of Oc, then we have I C (a;(8)l — 1® [x],/')- 
Hence, we have only to prove an existence of a cyclic base x G Oc satisfying (a; 1 — 1 (8> [5])" G 
(ttjc <8) 1,7') for some n G N. In the case [C : JC] = ec/jc, t^C is a cyclic base of Oc and we have 
(7r£ (g) 1 - 1 (g) ^c\f'''"'^ G (ttk (g) 1, 1 (g) [TTyc])- Otherwise, we have [C : K] = [kc ■ A:K;]insep = P- If 
we choose x G Oc such that x^ = a mod ttkOc with a G Ojc, then a; is a cyclic base of Oc by 
Nakayama's lemma. Moreover, we have (.x ® 1 — 1 (g) [x\y = a(g)l — l(g)[a] mod (tta: (g) 1, 1 (g) [tt/c]) 
and a ig) 1 — 1 (g) [a] G /', which implies the assertion. 
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(iii) We denote the map by i and wc will construct the inverse. By replacing K, and C by /C""^ and 
we may assume [kc : fcK;]scp = 1- By (ii), we identify Ai^f^Cp/c with Oc ®Ok. ^mt.Cp/K- By 
a similar argument as in the proof of (i), wc have a unique /C- algebra homomorphism j : C ^ 
Ainf,Cp/x;b"^]/(ker6'cp/K:)" such that 6*0^/^ : Ainf,Cp//c[P"^]/(ker Cp is an /I-algebra 
homomorphism since £//C is etale. Hence, we have the Ai„f Cp/x;-algebra homomorphism j (g) id : 
Ainf,Cp/£b"^]/(kcr6'cp/£)" Ainf,Cp/K;/(kcr6'cp//c)"- By construction, wc have {j ® id) o i = id. 
To prove i o (j (g) id) = id, we have only to prove that i o ( j (g) id) is an £-algebra homomorphism, 
which follows from the uniqueness of j. 

□ 

Remark 3.5. We may identify Ajuf Cp/Qp with W{Rcp) ([Fon94a, 1.2.4 (e)]) and the kernel of Ocp/Qp 
is principal by [Fon94a, 2.3.3]. Moreover, if we have K. = JCq and kjc is perfect, then the canonical map 
Mni,Cp/Qp ~^ Mnf,Cp/K. is an isomorphism ([Fon94a, 1.2.4 (e)]). Note that we have no canonical choice of 
an embedding W^(fc^^)[p~^] — >■ Cp when kx is imperfect, since different perfections of K induce different 
embeddings. Thus, we can not endow Ajni /q^^ with a canonical VK(fc^^)-algebra structure induced by 
that of Ajj^j /vF(/c*'^)[p-i] above isomorphism as in the perfect residue field case. 

3.2 BdR and Brt 

We define B+j^ ^,^/^ := Ai„f_c^/K[p-^]/(ker6icp/^)" and 

t := log ([.]) = Y: (-1)"-^^^^^ G B]-R,c,/Q, 

with e := (1, Cp, Cp^ , • . ■ ) € Rcp- We also define ^dR,Cp/K: '■= ®dRC //ct^"^]' denote the projection 
®dRC /K ^ '^p ^Cp/K again. Then, ^XnCp/K ^ Hausdorff complete local ring with maximal ideal 
ker^Cp/A:- Moreover, '^d'R,Cp/K is an integral domain. In fact, by the following explicit description of 
®dR,Cp//C) it reduces to the fact that Bd^^Cp/Qp is a field (Remark 3.6 (ii) below). 

We define the canonical topology on B^jp ^ as follows. We regard Aini.Cp/K[P'^]/ i^'^^ ^Cp/K.)^ as 
a p-adic Banach space, whose lattice is given by the image of A-mi.Cp/K- Then, we endow B^j^c 
with the inverse limit topology, which is a Prechet complete /C-algebra. We also endow BdR,Cp//C with 
a limit of Frechet (LF) topology by regarding ^dJi,Cp/K as the direct limit of Bjj^ Cp/K, ^^^h respect 
to the multiplication by . Let v^^^^j^^ be the semi- valuation of BdRCp/x; induced by the p-adic 
semi-valuation of B;Jj^_j,^y^/(ker 6'cp/K;)" defined by the lattice Im(Ainf_Cp//c ^ak,Cp/kI^^'^^Cp/'^T)- 
Obviously, the semi- valuations {w^p^c /K^nm are decreasing. 

We will give an explicit description of B^j^ Cp//C' 



'dR,Cp/Qp{"J/c} — \ Yl ^ ®dR,Cp/Qp' {^dR,Cp/QpK)}|n|=" ^ °° all 71, r € N 

be a B^j^ j^^y^^-algebra. Then, the canonical B^j^ j,^yQ^ -algebra homomorphism 

MR,Cp/K : ^in,Cp/Qp{'^J>c} ®dR,Cp/K;; ^ 

is an isomorphism. In fact, by Remark 3.6 (ii) below, we may reduce to the case K, = /Cq. In this case, 
the assertion follows from the explicit description of Ainf^c^/zc- 

Let Fil"B^j^j^ y^ be the closed ideal of B^j^ generated by the ideal (kcrf?^^/^)" for n € N. 

We endow BdR,Cp/K; with the decreasing filtration defined by FirBdR,Cp/A: := Y.i+j=n **^i^''®dR,Cp/A:- 
Denote the graded Cp-algcbra associated to the filtration by Bht,Cp/k;- We also denote by Vj the image 
of Uj/t in BHT,Cp/if,o for j € Jk- Since the filtration is compatible with the multiplication by t, i.e., 
t"FiPBdR,Cp/K = Fil""^'"BdR,Cp/K, we have an isomorphism Bht,Cp/k = ©nezBnT.Cp/K.o*"- 
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For n G N, let 

Cp{vjK}n ■= S ^ flnV" an G Cp, {Vp{an)}n OO 

[neN®-'/C:|n|=n 

and Cplvj^} := ®neNCp{vj;^}„ be a Cp-algebra. We have the Cp-algebra homomorphisms 

which is an isomorphism. In fact, the assertion reduces to the case /C = /Co by Remark 3.6 (ii) below. 
Then, the assertion follows from the above explicit description of M'^^ ^ and the formula of the semi- 
valuation v'^^ 1^ (Remark 3.6 (iii) below). By this description, Bht.Cp/a: is an integral domain. 

Remark 3.6. (i) (The perfect residue field case) Assume that k^, is perfect. Then, we have a canonical 
isomorphism Bju c^/q^ — > B^n Cp/;^; for ^ G {dR, HT}. Moreover, B^j^ Cp/Qp is a complete discrete 
valuation field of equal characteristic with valuation ring B^j^ , t is a uniformizcr and the 
residue field is Cp. We also have an isomorphism BjjTjCp/Qp — ©nezCpt". In fact, the first assertion 
follows from Remark 3.5 and the latter assertion reduces to the perfect residue field case by regarding 
Cp as the p-adic completion of [K'^^Y'^ ([Fon94a, 1.5.1]). 

(ii) (Invariance) The above structures on B+^ ^ (ring structure, filtration, topology) are invariant 

under a finite extension and an unramificd extension. As a consequence, we may regard Bj|j^ ^ 

as a /C^'s.algebra and a similar invariance for Bht,Cp/k: as a graded Cp-algebra also holds. As for 
a filtered ring, the invariance follows from Lemma 3.4 (iii). To prove the rest of the assertion, we 

have only to prove that for an unramified extension or a finite extension £//C, the p-adic semi- 
valuations w^j^ j, and arc equivalent for all n G N. The unramificd case follows from 

Lemma 3.4 (i). In the other case, let A^') (resp. A^"') be the image of ^ycdfi^iK. 

(resp. Ainf_Cp/£) 

in B^j^ J, ^j(,/(ker(^Cp/K:)"- By taking the maximal unramified extension of K in £, we may assume 
that LjK satisfies the assumption in Lemma 3.4 (ii). Since Ainf,Cp/£ is a finite Ainf^Cp/K-module 
by Lemma 3.4 (ii). there exists m G N such that p^A^-* C A^-* by Lemma 3.4 (iii). Since we 

have A^^ c A^^ by definition, the two p-adic topologies induced by the lattices A^^ and A^^ 
respectively are equivalent, which implies the assertion. 

(iii) Assume K- = JCq. Then, we have the formula 

^dR,Cp//c(^) ~ |^|^|^^dR,Cp/Qp("")' 

where we have x = '^nen^^'ic C'nu'^ G B^j^ ^ with an G B+^ . In fact, the assertion follows 
from the explicit description of Mnf,Cp/ic- 

3.3 Connections on B^r and Bht 

We denote by ri^C§)K:BdR,Cp/K the direct limit lin^ (}1-(^icM'^j^ ^ y^, where the transition maps are the 

multiplication by 1 (8) t^^- Then, the canonical derivation d : tC ^ uniquely extends to a Bd^ c^/Q^- 
linear continuous derivation 

by the explicit description of B^r Cp/jc- More precisely, if we denote by {dj^j^j,^ the derivations on 
BdR.Cp/JC given by V(a;) = '^j^j^dtj ® dj{x), then {Sjjjgj^ are mutually commutative continuous 
BdR,Cp/Qp -derivations and we have dj = d/duj. More generally, the exterior derivation dg : fJ^ — > 
for q G N>o uniquely extends to a B^R^Cp/Qp -linear continuous homomorphism Vg : ^^^KMdR,Cp/K ^ 
^^K;^"'"®/cBdR.Cp/K; such that we have 'Vq{uj(E)x) = Vq(a;)(g)x+(— 1)^wAV(.t) for x G BdR,Cp//C and uj G 51^. 
Obviously, the connection V satisfies Griffith transversality V(Fil"BdR,Cp/yc) C ^jc'^lC^'^^"'~^^dR,Cp/K. 
for n G Z. These connections are invariant under a finite extension and an unramified extension by 
Lemma 1.9 (iii) and Remark 3.6 (ii). 
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Notation. We will use the following notation: 



'HT.Cp/K 



HT,Cp/Qp ffiHT,Cp//c)- 



We endow the first two rings with induced filtrations and the last one with an induced graded structure. 

Note that these rings are invariant under a finite extension and an unramified extension of K. and that 
®dR C /ic ^^'^ ®dR Cp/ fC (I'ssp. B^.p c^/a:) have a canonical (/Ccan)'''*-algebra (resp. Cp-algebra) structure. 
By the above description of the connection and the explicit descriptions of BdR,Cp/A: and 1Bht,Cp/k;) we 
have 

Lemma 3.7. The canonical maps 

are isomorphisms. Moreover, these maps are compatible with filtrations and gradings. 

Remark 3.8. Assume that [kjc : fc^] < oo. Since flj^ is a finite dimensional M^-vector space (Remark 1.10), 
the connection V : BdR,Cp/K: ^ ^l: ®k; BdR,Cp/K; induces a Bht,Cp/Qp -linear derivation 

V : Bht,Cp//C ffiHT,Cp//C- 

More precisely, if we denote by {dj}j^jf- derivations on BfjT.Cp/K; defined as a similar way as above, then, 
by the explicit description of Bhx,Cp/a:) {(^j}jeJK ^'''^ mutually commutative BHT,Cp/Qp"linear derivation 
and we have dj = td/dvj. In particular, B^^p j,^^^ coincides with (Bht,Cp/k:)'^^'^- In general case, we 
must handle complicated topologies to define such a connection. To avoid it, we define M^^, ^^^^ in an 
ad-hoc way as above. 

We also have an analogue of Poincare lemma. 

Lemma 3.9. The complex 

^ ^dR^Cp/K; ®dR,Cp/K; ^A:'^'c®dR,Cp/K: ^k:^>^Kr,Cp/ic 

is exact. 

Proof. By the invariance of the above complex under a finite extension, we may assume /C = ICq. Recall 
the explicit description of B^j^j^ in §§ 3.2. Since we have Vp{n\) < \n\ for n G N©'^'Cj x G B^j^ is 

written uniquely in the form x = X]neN® '/c an"'"' with a„ G ®dR,Cp/Qp ^^'^^ ^^^^ i^dR.Cp/Qp ('^n)}|n|=n 
oo for all r, n G N. Moreover, we have an inequality 

l^nf ^ ^^dR,Cp/Qp + r > mi^ ^^dR,Cp/Qp = ^dR.Cp/K i^) (1) 

by Remark 3.6 (iii). We have only to prove that for ui G kerVi, there exists x G B^j^^ such that 

V(x) = LJ. Write u) = J^j^Jk. "^^J ® with Aj G B+p such that {w^'j^j, y^(Aj)}jgj^ — )■ oo for all 
r G N. The assumption w G kerVi implies that we have dj'{Xj) = dj{\j') for G Jk:- By the same 
way as above, we can define an expansion of the form A, = '^Znew's-'i'^ Xj.nU^"'\ where Xj ^i G B~[pj ^ 
satisfies a similar condition as above. By a simple calculation, we have the relation Xj^n+e^, = Xj>^n+ej 
for n G N®'^'^ and j' G Jk- We will define a sequence {aTi}„gN®-''c in ®dRC /Q ^ follows: Let 
ao = 0. For n =/= 0, choose any j G J/c such that nj =/= and define a„ := Aj^n-e^ • By the above 
relation, this is independent of the choice of j. To prove the assertion, it suffices to prove that we 
have {^dRc /Q io,n)}\n\=n ~^ 0° for all r,n G N. In fact, if this is proved, we see that the element 
X := X^^g^e^K oinu'"l belongs to B^j^ and we have V(a;) = w by a simple calculation. We have only 
to prove that, for fixed r,n,NG N, we have Cp/Qp('^'*) — ^ finitely many n G N®'^'^ such 
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that \n\ = n. We may assume r > n. Choose a finite subset J of J/c such that v'^^ ^ ^ i" + ^ for 

j & J)c \ J- Let n G N®-^^ such that \n\ = n. If there exists j E Jic\J such that n^- ^ 0, then we have 

^dR,c^/Q,(«n) = 4R,c,/Q^(^J,n-ei) > «dR,c,/K;(^j) -r>r + N-r = N, 

where the first inequafity follows from the inequality (1). This implies the assertion since our exceptional 
set {n G N'^||n| = n} is finite. □ 

3.4 Universal PD-thickenings 

Defintion 3.10. A p-adically formal O/c-PD-thickening of is a triple (D,6'd,7d), where 

• Z) is a p-adically Hausdorff complete C/c-algebra, 

• 6]j : D ^ is a surjective O^^-algebra homomorphism, 

• 7_D is a PD-structure on ker^u, compatible with the canonical PD-structure on the ideal {p). 
Obviously, p-adically formal C^i-thickenings of Oc^ form a category. 

Theorem 3.11 ([Fon94b, Theoreme 2.2.1]). The category of p-adically formal Ojc-thickenings of Oc^ 

admits a universal object, i.e., an initial object. 

Such an object is unique up to a canonical isomorphism and we denote it by (A(.ris,Cp//C: ^Cp/JC) 7)- 
We will recall the construction. Let {Ok: ^i W(Rcj,)f^ be the PD-envelope of Ok. ®z W{Rc^) with 
respect to the ideal ker (^Cp/x: '■ ®i W{Rcp) — > Ocp), compatible with the canonical PD-structure on 
the ideal {p). Then, Acris,Cp/K: is the p-adic Hausdorff completion of (Ok. ®t l^(^Cp))^°- 

Remark 3.12. (i) By [Fon94a, Remarques 2.2.3], if we have K, = ICq and fc^ is perfect, then the 

canonical map A„.is,Cp/Qp ^ Kris,Cp/K is an isomorphism. 

(ii) By a similar proof as Lemma 3.4 (i), the canonical map 

-'^cris.Cp/K -'^cris.Cp/A:" 

is an isomorphism. In general, we have no invariance for Acris,Cp/A: as Remark 3.6 (ii) even after 

inverting p. 

If /C = /Co and kK is perfect, then we have an explicit description of A(.ris,Cp/A:- 

-^^cris.Cp/ZC = XI '^n e Ai„f_Cp/K, {^'inf,Cp/A:(an)}n6N -> OO > , 



I. net! 



where uj denotes a generator of ker(^c ik '■ M-a{,c /K ~^ ^Cp)- Note that the sequence {a„}„gN can 
not be uniquely determined. Moreover, we have t € Acris Cp/AC and Acrig^Cp/AC is an integral domain of 
characteristic 0, whose PD-structure is given by 7n(a;) = = x'^/nl for x e kcTO^^/K- In fact, the 
assertions are reduced to the case IC — Kq^ by Remark 3.5 and Remark 3.12 (i), and the assertion in this 
case follows from [Fon94a, 2.3.3]. 

We define ^j.i^^cjK '= ^crisXp//cb~^] and Bcris,Cp/K := ®iis,Cp/K[*"^]- ^e also define Ast,Cp//C := 
Acris,Cp/K:H, where x is a formal variable, M+^^^^j,. := Kt,cjK[P~^] and Bst.Cp/ZC := Kt,CJK\.^~^'i- 
define a monodromy operator N on Bst.Cp/K: as the Bcris.Cp/AC-derivation A'' := —d/dx. We denote by 
VcTis,Cp/K the p-adic semi-valuation on B+js.Cp/K; Kris,Cp/K.) defined by the lattice Acris,Cp//c- 

In the following, we will give an explicit description of Acris.Cp/K:- Let Acris,Cp/Qp(u,7c) be the p-adic 
Hausdorff completion of the PD-polynomial Acris,Cp/Qp"algebra on the indeterminates {ujjjgj^. Note 

that the PD-structure is given by 7n(uj) = u"/n! = u^"' for n e N and j E Jk- We also have 

•'^cris,Cp/Qp(ujK;) = \ X (^■"■^^"'^ °'ri S AcHs.Cp/Qpi {^'cris.Cp/Qp (an)}„eN®-'K -> OO > . 
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We regard Acris.Cp/ZC as an Acris^Cp/Qp-S'lgcbra by functoriality. Then, by the universal property of PD- 
polynomial algebras, we have the Acris,Cp/Qp -algebra homomorphism 

i-cris.Cp/K: : Acris,Cp/Qp(ujK;) ^ A^Hs.Cp/K); u''"! H-^ U^"-\ 

Lemma 3.13. If we have K. = Kq, then (-cris.Cp/K o-i^ isomorphism. Moreover, we have 

VcTis,C„/lcix) = inf Wcris,Cp/Qp(an) 

for X = E„eN®^;c an^M € B+.^ ^,^/^ with a„ e B+j^^^p/Qp- 
We use the following lemma in the proof: 

Lemma 3.14. In the following of the lemma, Houia for a ring A denotes the Hom set of A- algebras. 

We also assume that fC = /Co and we use the notation in § 1.1. 

(i) If R is a p-adically Hausdorjf complete 'L\Tj\j^j^-algehra, then the canonical map 

Homz[T^]jg^^ {Ok, R) HomF^[T^] .^^^ (fc/c, R/{p)) 

is bijective, where the ¥p[Tj]j^ji^-algebra structure on kjc (resp. R/{p)) is given by Tj ^ tj (resp. 
is induced by Z[Tj]j^j^ R). Moreover, the restriction map 

(kK, R/{p)) ^ Homp^f^.] .^^^ {kl,R/{p)) 

is bijective, where the ¥p\Tj]j^ji^-algebra structure on (resp. R/{p)) is given by H- 
(resp. the composition of the inclusion ¥p\Tj\j^j^ — >• ¥p\Tj]jQj^ and the above structure map 
^p[Tj]jeJK ^ R/ijP))- 

(ii) Let i9 : S ^ R be a surjective homomorphism, of p-adically Hausdorff complete 'L\Tj]j(^ji^- algebras, 
whose kernel admits a PD-structure, compatible with the canonical PD-structure on the ideal (p). 
Then, the canonical map 

a?* : Homz[T,],,,^ {Ok, S) ^ Homz[T,],,,^ {Ok, R);f^^of 

is bijective. 

Proof. (i) The first assertion follows from the p-adic formal ctaloncss of OKf^iTjjj^Jic- The latter 
assertion follows by using the isomorphism of /c^-algcbras kK[Tj]j(zj^ / {{T^ — i^}jeJK.) — kK',Tj 
tj. 

(ii) We denote by i?! : S/{p) R/{p) the ring homomorphism induced by 'd. By the first assertion of 
(i), we have only to prove that the canonical map 

{kK, S/{p)) ^ Homp^iT,],,,^ {kK, R/{p)); f^^iof, 

which is denoted by i?* again, is bijective. 

We first note the following: We regard R/{p) as a quotient of S/{p) by '9\. Let x e R/{p) and let 

xi, X2 S S/{p) be lifts of X. Then, we have xi — X2 G kcr?9i. Since we have = p\^p{a) £ pS for 
a € ker-!?, where 7 denotes a PD-structure on kert?, we have x\ = x^. In particular, if we denote 
hy X G S/ {p) a lift oi x £ R/ {p), then x^ depends only on x. 

We prove the injectivity. Let f '. ItK ^ R/{p) be an Fp[Tj]jg, 7^ -algebra homomorphism and /, 
/' ■._kK S/{p) lifts of /, i.e., t?,(/) = = /. For x e kx, f{x) and f'{x) € S/{p) are lifts 

of f{x) G R/{p), hence we have f{xP) = f{xy = f'{xY = f'{x^) by the above remark. Hence, we 
have /IfeP = /'Ifep , i.e., f = f hy the latter assertion of (i). 

We prove the surjectivity. Let f : kK ^ R/{p) be an Fp[Tj]jgj^- algebra homomorphism. We 
have only to construct an Fp[rj']jg,/^ -algebra homomorphism / : fc^ — > S/{p) such that "!?*(/) 
coincides with f\k^, where we endow fc^ and S/{p) with Fp[T?]jgj^-algebra structures by a similar 
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way as in the statement of (i). In fact, we can nniqucly extend / to a Z[rj]jgj^ -algebra homo- 
niorphisni / : fc^; — > S/{p) by the latter assertion of (i). Moreover, (i?*(/))|fcp — ^*if\k^) coincides 
with /Ifcp , which implies '&*{f) = / by the latter assertion of (i) again. The set-theoretic map 

/ : fc^ 2/ 1— > f^, where x 6 S/{p) is any lift oi f{Tf ) £ R/{p), is well-defined by the above 

remark. Moreover, / is a Z[Tj]j£j^- algebra homomorphism by a simple calculation and 
coincides with f\j.p by construction, which implies the assertion. 

□ 

Proof of Lemma 3.13. Obviously, we have only to prove the first assertion. Denote A = Acris,Cp/Qp (ujk)- 
Extend Oc^/q^ : Acris,Cp/Qp ^ Oc^ to a surjective Acris,Cp/Qp-algebra homomorphism ■& : A ^ Ocp 

by i?(u|"^) = 0. We first prove that A has an Oic-algehia structure such that 'd is an 0;c-algebra 
homomorphism . 

Denote by w a generator of the kernel of ^Cp/Qp • Acris,Cp/Qp ^ Ccp- Then, the PD-structure 
on the ideal ker^Cp/Qp of Acris,Cp/Qp canonically extends to a PD-structure Si on the ideal (w) of A, 
compatible with the canonical PD-structure on the ideal (p). By construction, the kernel of the map 
: A ^ Acris.Cp/Qp! is endowed with a PD-structure S2, compatible with the canonical PD- 

structure on the ideal {p). Since A is an integral domain of characteristic 0, and 62 induce the same 
PD-structure on (w) n ker^. Hence, by [B078, Proposition 3.12], the ideal keri? = (w) -|- ker^ admits a 
PD-structure, compatible with the canonical PD-structure on the ideal {p). Then, the assertion follows 
by applying Lemma 3.14 (ii) to 1?: 



Z[Tj 



str. ^ . 

jeJfc ^ A, 



where the horizontal structure map is given by Tj n> iij + [tj] G A. 

By the above Ojc-structure, we may regard ^ as a p-adically formal Oyc-PD-thickening of Ocp- By 
universality, we have only to prove that tcris,C /K is an 0;c-algebra homomorphism. Let a : Oic — >■ 
Acris,Cp/A: be the composition of the structure map Ok: ^ A and tcriSjCp/ZC- Since (-crisjCp/ZC commutes 
with the projections -d and 0Cp//C) we have the commutative diagram 



O 



Z[Tj 




,Cp//C5 



where the horizontal structure map is given by Tj 1— >■ tj. By Lemma 3.14 (ii), a coincides with the 
structure map 0)c — > Adis^Cp/Kj which implies the assertion. □ 

Finally, we remark that if we have IC = ICq, then Bcris,Cp/;c and Bst,Cp/;c are integral domains by the 
above explicit description of Acris,Cp//c- 

3.5 Connections and Frobenius on Bens and M^t 

In this section, assume /C = /Co . We endow B^jg ^ with the p-adic topology defined by the lattice 
Acris,Cp/K- We regard Bcris.Cp//c as the direct limit of B^j^ under the multiplication by and denote 
n^(g)x;B{,ris,Cp/K; = lii^ ^K^^^^is C /K.' Then, the canonical derivation : /C — >• uniquely extends to 
a B(.ris,Cp/K;-liiiear continuous derivation V : Bcris,Cp/K; ~^ ^K'^ic^cris,Cp/K by the explicit description of 
®cris,Cp/K;- Note that we have V(a;["l) = V(a;) • x^""^! for x G kevOcp/ic- As in §§ 3.3, if we denote by 
{^j}jeJic the derivations on ^ais.Cp/K given by V(a;) = J2jeJK '^^i ® then {dj}j^j^ are mutually 

commutative continuous Bcj-ig^Cp/Qp-derivations and we have dj = d/duj. We also have a canonical ex- 
tension Vg of exterior derivations dq. Also, we can uniquely extend to the map Vg : i^^(8>/cBst,Cp/A: ~^ 
^K'^^At^Cp/K by defining V(x) = 0, where we define ^l:^KMst,Cp/K ■= {^'ic^icV>cris,Cp/K)[x]- 
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Let if : Oic — Oic be a lift of the absolute Probenius on kjc- Then, the ring homomorphism 

if^f-.O^^ W{RcJ ^Ok® W{Rc^) 

induces a ring homomorphism on Acris,c /K- Although the resulting map depends on the choice of a 
Frobenius lift of Oic in general, we denote it by ip again. By defining <p(x) := px, we also have a 
Frobenius on Bgt Cp/K- By construction, the connection and the Frobenius on Bcris.Cp/JC commute and we 
have the relation Noip=p(fioNhya simple calculation. 

Notation. We define ^Xc^/k ■= (®*,Cp/K;)^"° for ♦ e {cris,st}. 

By the commutativity of V and (p, these rings are endowed with </5-actions. Obviously, ^ is 
endowed with the monodromy operator N . By the explicit description of Bj-ris^Cp/A:) we have 

Lemma 3.15. For 4k G {cris, st}, the canonical map 

BiH.Cp/Qp ^Xxp/JC 

is an isomorphism. Since this m,ap is com,patible with Frobenius. Frobenius on B^ ^ is independent of 
the choice of a Frobenius lift of Oic- In particular, the Frobenius on ^ is injective. 

3.6 Compatibility with limit 

When a p-basis of kic is not finite, some technical difficulties occurs. In this case, we will reduce a problem 

to the finite p-basis case by using the results in §§ 1.7 and the following inverse limits. 
Let the notation be as in §§ 1.7. By fimctoriality, we have canonical maps 

where 4^ G {cris, st}, 4^ G {dR, HT}. Since these morphisms are compatible with the above explicit 
descriptions of these rings, it is easy to see that these maps are injective. 



3.7 Embeddings of Bens and Bgt into BdR 

Let Icp/ic ■= ker(6'cp/K: ■ Mn{,Cp/ic[p~^] Cp). We endow the ideal ^cjic/^Cp/ic Q-algebra 

-^inf,Cp//C 

Cp/K ^^^^ unique PD-structure. This is compatible with the canonical PD-structure 
of the ideal (p). Hence, the canonical map Oic (^z W{Rcp) Mni,Cp/K\p~^]/^c /K factors through 
{Ok. (8)z W{Rcp))^^ -)■ ^inf,Cp/ic[p~'^]/^Cp/ic- endow the LHS and the RHS with the p-adic topol- 

ogy and the p-adic Banach space topology respectively (see §§ 3.2), then the above morphism is con- 
tinuous. In fact, the canonical map times n! factors through the image of Aini,Cp/lC- By passing to 
limit, the map extends to A^risj^Cp/K: ~^ ®dRC /ic- Thus, we have a canonical /C-algebra homomorphism 
Khs,Cp/ic *dR,Cp/;c- Fixing p e i?Cp such that p^^^ = p, we extends this map to B+ ^^^^ -> Kr,Cp/ic 
by sending x to log := X^„£n>o i~^)"~^i\p\/P ~ l)"/'^- Note that these morphisms are compatible 

with connections. 

Proposition 3.16. Assume that the algebraic closure of IC in Cp is dense in Cp. Then, the canonical 
maps 

/Ccan ®/Coa„,o ®CTis,Cp/K:o ~^ ®dR,Cp//C' ^can ^/Ccan.o ^Jt^pfCo ^ ®dR,Cp//C' 
(8l/Co ®cris,Cp/K:o ~^ J8dR,Cp/K:) ''C (8)/Co Bst,Cp/K;o ~^ ^dR,Cp/K 

are injective. 

Proof. By identifying Cp with the p-adic completion of /C^'^, we may assume IC — K. Note that if kx 
is perfect, then this is due to [Fon94a, 4.2.4]. We consider the general case. We first prove that the first 
two cases. We have only to prove the semi-stable case. The canonical map Js'can ^k^^„^o ^o' ~^ 
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is injective since i^canZ-f'^can.o is totally ramified and K^^ is absolutely unramified. Hence, we have the 
commutative diagram 



if can ®K.,. ™^ 



can. 



ca„,o ^st,Cp/iff ^ ^ ^ "^Tff "st.Cp/ifPf^ ^ »dR,Cp/ifPf , 

where the vertical arrows are induced by base changes and the injectivity of the bottom second arrow 
follows from the perfect residue field case. Then, the assertion follows from the above diagram. We 

consider the latter two cases. By passing to limit (§§ 3.6), we may assume [fcx : k^] < oo. Then, the 
cristalline case follows from [Bri06, Proposition 2.47], where M^risXp/Ko is denoted by Bcris- We will prove 
the semi-stable case. By regarding K Bcris, Cp/ifo ^ ^ subring of Prac(BdR,Cp/i<')) the assertion is 
equivalent to say that x is transcendental over Frac(Bcris.Cp/Ko)- Suppose that it is not the case. To deduce 
a contradiction, we have only to construct a non-zero polynomial in B^j.j_, ^ ^^pf [X] which has x as a zero. 

By assumption, we have a non-zero polynomial f{X) = Ylii'^i^^ ^ B^j^ such that /(x) = 0. 

For m e N®''^, we denote by 9"* the product Hj^j^d^', where {dj}j^jjf is the derivations defined 
in §§ 3.3. Denote by f^"'\X) e B+. ^ .^A^] the image of the polynomial f"'\X) := Y.id'^{ai)X' 

under the canonical homomorphism B^j^^^^y^ — >■ B^j^^, ^^^pf. Then, f^"^\X) has x as a zero since we 
have X e '^J^^Cp/K- Write = EneN® ^-k cii^riU^"-^ with ai^n € B^is.Cp/Qp using the exphcit description 
of ®^risXp/K„ g'iven in §§ 3.4. Then, we have d^{a,) = Zr^em^ a«,l+rl«["l and = E^<^^.mX' 

by simple calculations. Hence, we obtain a desired polynomial by choosing m £ f^®^^ such 

that we have ai^m for some i. □ 

4 Basic properties of rings of p-adic periods 

We will apply the construction of the previous section to the cases K. = Qp,K,KP^, Then, the 

resulting rings of p-adic periods have an appropriate Galois action by the functoriality of the construction: 
For example, Gk acts on B^R^Cp/Qp and '^dn,Cp/K-, G^pt acts on V>dR,Cp/Kp' ■ lu this section, we will review 
Galois theoretic properties of such rings. The proofs of the properties are somewhat technical and the 
reader may skip this section by admitting the results including the Gif-regularities just below. We keep 
the notation in the previous section. 

4.1 Calculations of and verification of Gx-reguleirities 

In this subsection, we will prove the G^f-regularities of the (Qp, Gi<-)-rings 

'^cris,Cp/K(p Bgtc^/^g, B(jRC^//f, Bht,Cp/K; 
toV 

"cris,Cp//fo' "st,Cp/Ko' ™dR,Cp//fi "HT,Cp/if' 

which are used in the following of the paper, and calculate its H°. Note that these rings are integral 
domains by the explicit descriptions of these rings. 

Lemma 4.1. Let ^ e {dR,HT}. 

(i) We have 

H\GK,'PtaciMj^,Cp/K))=K. 

(ii) The {%,GK)-ringMf^^Cp/K satisfies [G ■ R3) ^§§ 1.8). 
(Hi) The (Qp, G/f )-rm5 Bjn.c^/7^; is Gx-Tegular. 

Proof. The assertion (iii) follows from (i), (ii) and Lemma 1.20. We will prove (i) and (ii) separately in 
the Hodge- Tate case and the de Rham case. 
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(a) The Hodge- Tate case: We first verify (i). By Tlieorem 1.14, we have only to prove that if we 
have non-zero x,y £ Bht.Cp/k such that g{x)y = xg{y) for all g G Gk, then we have x/y G Cp. 
Recall the notation in §§ 1.7. In the following, let J £ V{Jk) and denote by xj.jjj the image 
of x,y in ^HT,Cp/K,- If xj and yj are non-zero, then we have g{xj) = CgXj and g{yj) = Cgyj 
for Cg £ (IBht,Cp/k,)^ = UnezC^t" by the fact that Mut,Cp/Kj = Cp[i, is a 
uniquely factorization domain. By the exphcit description of Bht,Cp/Xj, we can choose n G 

such that 9"(a;.7) £ M^t.cjk, \ M - Cp[t,i"i] \ {0}, where ^ = td/dvj and 9" := UjdJ' 
(Remark 3.8). Write d"-{xf= E„gza„r with a„ £ Cp. Then, we have gid'^ixj)) = Cgd'^ixj) by 
the commutativity of dj and the Gif-action. Since Cg is homogeneous with respect to t, we have 
Cg £ Cp by comparing the degree. By comparing the leading terms, we have Cg = .9(o,„)/anX"(fl') 
for all g £ Gkj, where n is the degree of d'^{x) with respect to t. Hence, we have xj/ant" £ 
(Bht.Cp/Kj)*^^'' • Note that we have (BnT.Cp/ifj)'^^-' =Kj. In fact, it follows from the facts that we 
have BhtXp/k,7 UreN<"'^Cp[<, {tvj] and iy°(G'Kj , t"''Cp[f, {toi}je,7K\j]) = Kj by [Bri06, 
Lemme 2.15], where Cp[t, is denoted by ©reNgr'^(IBdR) in the reference. Thus, we have 

xj G Cpt". By the same argument, we have yj £ Cpt™ for some to £ Z. We will prove n = m. 
Write .Tj = at", yj fet™ with a,6 £ C^. Then, we have g{a/b) = x"""(,9)(a/&) for 5 £ Gkj- 
Since H'^ {G k j , Cp{n — m)) is non-zero if and only if n = to by Theorem 1.14, we must have n = m. 
In particular, we have xj/yj = a/b £ Cp. Since the set Sx,y ■= {J £ 'P{Jk)\xj ^ and yj ^ 0} 
is a cofinal subset of V{Jk) by the explicit description of BHT,Cp/if> the assertion follows from the 
injection in §§ 3.6. 

We will verify (ii). Let x £ Bht,Cp/k be a generator of a G^-stable Qp-line in BHT.Cp/if- Write 
^(a;) = CgX with Cg £ . We use the same notation as above. By a similar argument as above, 
if xj 7^ 0, then we have xj = ajt^' for aj £ C^ and nj £ N. Moreover, aj and nj are unique. 
In particular, {aj} and {nj} are constant on the cofinal subset Sx,x of V{Jk) and we have x £ 
C^t" C (Bht,Cp/k)^ by the injection in §§ 1.7. 

(b) The de Rham case: To prove the assertion (i), we have only to prove that if we have non-zero 

x,y £ '^dR.,Cp/K such that g{x)y = xg{y) for all g £ Gk, then we have x/y £ K. Let J £ 'P{Jk) 
and denote by xj,yj £ B^jrc^/^^ the image of x,?/. If xj 7^ and j/j ^ 0, then we have 
xj/yj € F^CGifjjFracCBdR^Cp/ifj)) = -'^j by [Bri06, Proposition 2.18], where Prac(BdR,Cp/Xj) is 
denoted by CdR. Since the set {J £ 'P{Jk)\xj 7^ and yj 7^ 0} is a cofinal subset of V{Jk) by the 
explicit description of B^j^j-, we have x/y £ Hj^-pi^j^-^Kj = K hy the injection in §§ 1.7. We will 
verify (ii). By Remark 3.5 (i), we may assume K = K^'^. Let F be a Gi<-stable Qp-line in ^dR,Cp/K 
generated by x. By Lemma 4.2 below and Theorem 2.1, there exist n £ Z and a finite extension 
L/K such that C (BdR.Cp/x)'^'' = (BdR,Cp/i)*^'' = L, in particular, we have x £ (BdR,Cp/x)'' • 

□ 

Lemma 4.2. Let V be a GK-stable Qp-line in ^dR,Cp/K- Then, up to Tate twist, V is Cp-admissible as 

a p-adic representation. 

Proof. We may assume K ~ K™ by Hilbert 90 and Remark 3.6 (ii). Let x £ BdR^Cp/x be a generator 
of V. By multiplying a power of t, we may assume x £ B^j^j, Let p : Gk — >■ Qp be the character 
defined by p{g) = g{x)/x. By the explicit description of B^j^ j, (§§ 3.2), we have x = ^nen®-''^ ^n^" 
with an £ BdRC /Q " CJhoose n £ N®-^^ such that 7^ and write a„ = t"A with n £ N and 
^ ^ (®dR,Cp/Qp)'' ■ ^i"*^^ '^^'^^ ^(an) = p{g)an for 5 £ G/^-pf , we have (/9X~")(5) = for g G Gkp!- 

By taking the Qp-linear map 6'cp/Qp, we have {px~"'){9) = S'(^'Cp/Qp(A))/6'cp/Qp(A) for g G GkpU i.e., 
PX "I^Tpf is Cp-admissible. Hence, px~" is Cp-admissible by Theorem 2.1. □ 

Corollary 4.3. We have 

(Cis.Cp/Ko)''" = i^lcjKof" = ^can,0, (Bcris,Cp/Ko = iAt,Cp/Kof'' = ^0, 
Klc^/Kf" = (BJr.Cp/k)'"" - i^can, (BdVcp/K)""" = (^dR.Cp/x)^- = i^, 
(BhT,Cp/k)''" = (BhT,Cp/k)^" = i^. 
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Proof. Since we have trivial inclusions (such as Kq C (Bcris.Cp/ifo)'^'^)' have only to the converse 
inclusions. By passing to limit (§§ 1.7 and 3.6), we may assume [kx ■ k^] < oo. We prove Hodge- 
Tate case first. Since we have B^r^ ^ = ©„gzCp(n) (§§ 3.2), the assertion for B^rp c^/x follows from 
Theorem 1.14. The assertion for BHx,Cp/if follows from [Bri06, Lemme 2.15]. 

We will prove the rest of the assertion. Since we have Kcan,o = {Ko)can by comparing the residue 
fields, the assertions in the horizontal cases follow from those in without V case by taking horizontal 
sections. The de Rham case follows from Lemma 4.1 (i) and the cristalline and semi-stable cases follow 
from de Rham case and Proposition 3.16. □ 

Lemma 4.4. The {Qp,GK)-f'ing V>^^c^/fCo satisfies (G • R3) for 4> G {cris,st}. In particular, B<|k,Cp/ifo 
is Gk -regular. 

Proof. Note that the last assertion is obtained by applying Lemma 1.19, whose assumptions are satisfied 
by Proposition 3.16, Lemma 4.1 (iii) and Corollary 4.3. By Remark 3.12 (iii), wc may assume K = . 
Let y be a G^-stable Qp-line in B^^Cp/ifo ^'^^^ generator x. By Lemma 4.2, there exists n € Z such 
that Vt"' is Cp-admissible as a p-adic representation of Gk- By Theorem 2.1, the image of the map 
p : Gk Qp',9 ^ 9{xt^) / {^t^) is included in (Qp )tors; which is killed by 2{p — 1). Therefore, we have 
(xt")2(f-i) G (B4,,c,/Ko)''" = ^0, which implies x G %^c,/k,- ° 

Lemma 4.5. The {Qp,GK)-rings 

mV TkV 

"cris,Cp/Ko ' "st.Cp/Ko ' -"^dRjCp/Xi '^KT,Cp/K 

are Gk -regular. 

Proof. The Gif-regularity of the field Bjj^j,^y^ follows from Example 1.17. Since we have a G^pt- 
equivariant canonical isomorphism ^^c^/Kq ~ ®* C /k^' ^ ^ {cris, st}, the verification of (G ■ R3) 

for BJ is reduced to that for B^ ^ /^pf , which follows from [Fon94b, Proposition 5.1.2 (ii)]. By a 

similar reason, (G ■ Rs) for Bj^ ^ is reduced to [Fon94b, Proposition 3.6]. The (Qp,GK)-ring Cp((t)) 
is a field containing the fractional field of B^^ ^.^^^ = Cp[t,t~-^]. By Theorem 1.14 and devissagc, we 
have Cpp))*^^ = K = (Bht,Cp/k)'^^) where the last equality follows from Corollary 4.3. By applying 
Lemma 1.20, B^^ Cp/K Gi<-regular. By Corollary 4.3, the Gi<-regularities for B^j^ Cp/Ko ®S Cp/ifo 
follows from Lemma 1.19 and Proposition 3.16. □ 

Remark 4.6. Note that the (Qp, G^) -rings B^j, and B, Cp/Q^ for • G {cris, st, dR, HT} are Gk- 
regular. We also have {B^^^^qJ'^'^ = (B,,Cp/Qp)'^^ = (*7cp/Ko)'^'^- assertion follows from 

canonical isomorphisms ^Y^Cp/d,, = ^;Cp/Qp ~^ ^»,Cp/Ko ^ (Qp) )-rings. 



Notation. (i) For ^jt G {cris,st}, we define the category of d|k-representations (resp. horizontal 

representations) of Gk as Rep^ . „ Gk (resp. Rep^v Gk), which is denoted by Rep^G^ 

(resp. Rep^G^). We denote by (resp. Dj) the corresponding functor and we also denote 
by Q^^.Cp/ifo (resp. ckJcp/Xq) corresponding comparison map as (§§ 1-8). 

(ii) For Jit G {dR, HT}, we also define the category of ^^-representations (resp. horizontal Jt-representations) 
of Gk as RePBjuc /^^k (resp. Rep^v^ ^^Gk), which is denoted by Repj^Gx (resp. Rep^Gi^). 

We denote by (resp. D^) the corresponding functor and we also denote by a^^Cp/K (resp. 
'-*'*C /k) ^f'® corresponding comparison map as (loc. cit.). 

(iii) We define rings with Gif-actions and automorphisms (p by 

®rigtcp/ifo •= ^rienV^-i^Ztcp/Ko)^ Kotcp/Ko '■= ^neN<fi"{^Z%p/Ko)- 
Note that we have B^+^/^^ ^ K'cp/Kf ^^'^ * ^ ^"S' 

(iv) In the rest of the paper, when kK is perfect, wc omit hyperscripts V to be consistent with the usual 
notation. For example, we write B"'" „ , instead of B^+„ , „f. 

rig,Cp/Kg rig,Cp/ifJ 
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Remark 4.7. As is explained in § 1.1, there is no canonical choice of a Cohen ring of kfc nor a Frobenius 
lift when kx is not perfect. Since some definitions, such as the definition of cristalline representations, 
involve these choices. We will give remarks on an independence of definitions. 

(i) Since we have a canonical isomorphism B^^Cp/Qj, — ^Xcp/K ^ ^ {dR, HT} (Lemma 3.7), 
®* Cp/K depend only on Cj, as a abstract ring. 

(ii) Since we have a canonical isomorphism c /Q ^ ®* c /Ko ^ ^ {cris, st} (Lemma 3.15), the 
category Rep^Gif depend only on Cp but not on the choice of Kq. It also follows that B^"^^^^^^ for 
4 G {rig, log} is independent of the choices of Kq and as an Qp-algebra with (^-action. Moreover, 
for a finite extension L/K, B^"^^^^^ coincides with B^"^ in ^^^c^/i^- 

(iii) By definition, the category Rep^G/f for 4|k G {cris, st} may depend on the choice of Kq- In the case 
[fcif : k^] < oo with 4> = cris, the independence is proved by Brinon [Bri06, Proposition 3.42]: He 
proves the assertion by introducing a ring Amax.if , which is independent of the choice of Kq and is 

slightly bigger than Ok^Okq -'^cris.Cp/ifo- Although a similar idea seems to work in general case, we 
do not treat this problem in this paper. Instead, we will state a precise version of Main Theorem 
later (see § 6). 

Remark 4.8 (Hilbert 90). Let V G RepQ^G^- Then, V is cristalline or semi-stable if and only if so 

is T^l^ur. In fact, wc have Boris. Cp/ifo Bcris.Cp/xj"" by Remark 3.12 (i), whose G^ur -invariant is K™ 
by Corollary 4.3. Hence, the assertion in the cristalline case follows from Hilbert 90 and the same proof 
works also in the semi-stable case. We can also prove that V is de Rham or Hodge- Tate if and only if so 
is V\l for a finite extension L over the completion of an unramificd extension of K. In fact, we reduces 
to the cases when L/K is finite or unramified and in these cases the claim follows from Remark 3.6 (ii) 
and Hilbert 90. 

Algebraic structures of rings of p-adic period, which are compatible with the action of Gk, induce 
additional structures on the corresponding D. We do not review these structures here since we do not 
need all of them to prove Main Theorem. For the reader interested in these structures, see [Bri06, 3.5] 
for example. We need only the connection on DdR for the proof of Main Theorem: The finite ii'-vector 
space DdR(^) for V G Rep^jj^Gif has a connection V : IDdR(l^) — >■ ®k ID'dR(^)j which is compatible 
with the canonical derivation on K. 

4.2 Restriction to perfection 

If we have V G Rep.G^ with • G {cris, st, dR, HT}, then we have V\Kvt G Rep.G^pf . Moreover, we 
have canonical isomorphisms 

which is induced by the canonical map B^ Cp/ifo ~^ -"^^ c /k^' ^^'^ Bj^ Cp/A: — > Bj^ Cp/_fcpf for ♦ G {cris, st} 
and 4k G {dR, HT}. We first prove the de Rham case. By applying B^^ c^/^fpt^Bda c^/k comparison 
isomorphism adR,Cp/K(^)) we have a G^f-equivariant isomorphism 

BdR,Cp/Kpt ®K ]D'dR(l^) BdR^Cp/ifpf <8'Qp ^• 

By taking G^^^pt -invariant, we have an isomorphism K"^^ ®k lD'dR(^^) ^<m.{y\Kp^)- The other cases 
follows similarly. 

5 Construction of Njg+(y) 

In this section, we will construct a (</?, Gi<:)-module N^g''(y) over BY+j, for a de Rham representation 

V of Gk, possibly after Tate twist. Our N^g^ coincides with Colmez' N^g when the residue field kx is 
perfect. 
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We first recall Colnicz' Dieudonne-Manin theorem, which is a key ingredient of the construction. Let 
M be a finite free MY^„ ,„-module of rank r > 0. We call N a ]BY^„ ,„-lattice of M if A'' is a BY+„ 

submodule of M such that N[t~^] = M[t~^]. Note that a B^(,^^^-lattice of M is finite free of rank r 

over /k si'^ce BJ^c ^® ^ discrete valuation ring. 

For n G Z, denote the composition BY+j,^^^^ ^Hg^Cp/Ko ^dR^Cp/if again. By the 

commutative diagram 



the proof of the following theorem is reduced to the perfect residue field case [C0IO8, Proposition 0.3] (see 
also the remark below). 

Theorem 5.1 (Colmez' Dieudonne-Manin classification theorem). Let r G N>o and M be a ^"^-^q jj^- 
lattice 0/ (BJj^j, ^j^Y- Let 

Mng := {x e i^J+Cp/KoYl '^"(^) e M for all n G Z}. 

Then, M^ig is a finite free B^^^, ^j^^-module of rank r with semi-linear ip-action and there exists a basis 
ei,...,er o/Mrig over ®^g'^Cp/K'o foUowings: 

(i) There exist h G N>o and oi < • • • < a,- G N such that f'^{ei) = p"'^ei for 1 < i <r; 
(a) ei, . . . , Cr is a basis of M over BJj^j, 

Remark 5.2. Though our condition (ii) is weaker than that in [C0IO8], the conclusions of the theorem 
are the same by the following reason: By definition, ip acts on Mrig. Since (fi^ is an automorphism on Mj-ig 
by (i), is also an automorphism on M^g. Hence, (ii) implies that <^"(ei), . . . , (^"(^r) is a ^Ji^Cp/Ko'^^^^ 
of Mrig for all n G Z. In particular, (^"(ei), . . . , (p"'{er) is a BJ^^, ^^-basis of M. 

In the rest of this section, lot F be a de Rham representation of Gk of dimension r such that 
ID'dR(^) = (®dR c /at'^Qp^)'^^- Note that the last assumption is satisfied for any de Rham representation 
after Tate twist. Let Njj^(y) := B^j^ Cp/if ^dR{y)- It is a finite free B^j^ ^.^^^-module of rank r with 
G^-action and V-action which are mutually commutative. By the comparison isomorphism adR.Cp/K; we 
have a canonical isomorphism Njj^(F) [t~^] = BdR,Cp/i<: '^Qp V, in particular, we have i"Bjj^ <^q^ V C 
^dR(^) ®dR c /K '^Qp ^ sufficiently large n G N. By taking the horizontal sections, we see that 
NJ+(T/) N+^(y)^=° is a G^f -stable Bj+^^/^-lattice of Bj+p^^^ V. By applying Theorem 5.1 to 
M = NJj^(F), we have the following proposition: (In the following, a (93, G/f)-module over B^^''^, (of 
rank r) means a finite free module (of rank r) over 

®Hgtcp/Ko ^^^^ 

a semi-linear (^-action and a semi-linear 

G^-action, which are mutually commutative.) 
Proposition 5.3. The BY+j, ^^^-module 

NZ+{V) := {a; G Bj+c^/^^ F| ® id(x) G N7+(F) for all n G Z} 

is a {if ,Gk) -module overM^.^^^ of rank r. Moreover, we have a basis ei,...,er o/nY+(\/) over 
rigc /Kg satisfying the foUowings: 

(i) There exist h £ N>o and oi < • • • < G N such that f'^{ei) = p°'^ei for 1 < i < r; 

(ii) ei,...,er is a basis ofN^^{V) oi'er B J^^, 
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Note that Nj^g^(F) is independent of the choice of Kq by Remark 4.7 (ii). We will use the following 
property of N^^(y) in the proof of Main Theorem. 

Proposition 5.4. The canonical map 



^iuMK ®BJ+,^,, ^ Ni^iV) 



is an isomorphism. In particular, '^^j^c I^rig'(^) isomorphic to (B^j^c /k)^ " 

®dRC /if [Gif] -modw/e by Proposition 5.3 (ii). 

Proof. Since Fl^^-pf is de Rham and we have the canonical isomorphism BdR,Cp/Qp ~^ ®dR,Cp//fpf > we have 
the comparison isomorphism 

By taking the base change of this isomorphism by BdR,Cp/Qp ~^ ®dR,Cp/K > we obtain a canonical isomor- 
phism of BdR,Cp/if [f?ifpf]"™odules 

a : BdR,Cp/K ®(B,H.Cp/Qp)°^^' (BdR,Cp/Qp 0Qp VfK.^ ^ BdR,Cp/if ®Qp ^- (2) 
We also have the comparison isomorphism 

adR,Cp/A:(^^) : ^dK,Cp/K ®k Ddii(V') BdR,Cp/x «)Qp V. 

Note that we have (B+j, ,.^/qJ«kp. = (BdR,c,/Qp)<=-''^ since we have (t-«B+j,_Cp/Qp/i""+'B|R,Cp/Qp)''"^' = 
(Cp(-n))'^jfpf = for n e N>o. We have only to prove that there exists an isomorphism of l^dRjCp/if" 
modules 

(N|r(^) =)Kk,C,/K ®K BdR(V^) = Kk,C,/K ®(B+ , fK.^ (BdR,Cp/Qp ®Qp 

which is compatible with the injections QidR^Cp/ifC^) and a. In fact, by taking the horizontal sections 
of both sides, we have Nj^(y) = BJrc /k ®(is.+ \°KPt (BdR,Cp/Qp ^Qp V)^kpi ^ which implies the 

' V dR,Cp/Qp' 

assertion. 
We have 

»dR(^^) (BdR,Cp/K ®Qp V f'^-' = (BdR.Cp/K)''-'" ®(B,R.ep/«p)'=KP' (BdR,Cp/Qp ®Qp 

where the equality follows by taking G^^pf -invariant of (2). Note that we have (B^j^j. ^^)*^srpf = 
(BdR.Cp/if)*^'^''' • Indeed, if we write x € LHS as x = t~'^J2nemJK o-nW^ with a„ e ®dR,Cp/Qp' ^'^cc 
{Mjljgj^ are invariant by the action of G/fpf , we have 6„ := a„/i" G (BdR.Cp/Qp)'^^''''' = (BdR.Cp/Qp)'^'^'''^ • 
Therefore, we have x = Ylinen®-'K bnU'^ & (®dR C /if )*^^''' ■ Hence we have a canonical map 

©dR(V^) Kn,C,/K ®(B+,.,^,,^)--P' (®dR,Cp/Qp ®Qp V^)''-^^ 

This induces a canonical homomorphism of B^j^ ^ ^^-modules 

i ■■ KrMK ®K ID)dR(V^) ^ Kk,C,/K ®(B+ , ,„ )'=KP^ (®dR,Cp/Qp ®Qp VfK.^ , 



which is compatible with the injections cx.^K,Cp/ K{y) and a by construction. We have only to prove the 
surjectivity of i. By Nakayama's lemma, we have only to prove the assertion after applying B^j^ ^ ^^^{ C 



dR.Cp/K 
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(note that Kji^Cp/K ~^ ®dRC /ifpf ^ surjective homomorphism of local rings). We have the commuta- 
tive diagram 



"dR,C„/K-Pf (^IftTPf ) 



*dR,Cp/ifPf 



where the left lower arrow is induced by the G^fpt-equi variant isomorphism B^R^Cp/Qp ~^ BdR,Cp/ifpf- 
Denote the composition of the left vertical arrows by i'. Since the canonical map BdR,Cp/if ^dR,c /kp' 
is G/fpf-equivariant, by the diagram, the restriction of i' to DdR(^) coincides with the canonical map 
ID)dR(l^) ]D'(iR(F|^pf ), which is an isomorphism after tensoring K^^ (see §§ 4.2). Therefore, i' is an 
isomorphism and we obtain the assertion. □ 



6 Proof of Main Theorem 

We will restate our main theorem in the point of view of Remark 4.7 (iii): 

Main Theorem. Let V be a de Rham representation of Gk- Then, there exists a finite extension L/K 
such that the restriction V\l is M^^^c^i La-admissible for any choice of Lq. 

In this section, we give a proof of Main Theorem in this form. Before the proof, we prepare^ technical 
lemmas used in the proof. The reader may go to the proof of Main Theorem and back to the lemmas if 
necessary. 

We first recall a slightly modified version of [Col08, Proposition 0.6]. In the following of this section, 
denote the unramified extension of Qj, of degree h € N>o by Qph . 

Proposition 6.1 (cf. [Col08, Proposition 0.6]). Assume that Uk is perfect. LetVf^^^:= (Bj^g Cp/iCo)*'''^^" 
for ft,, a S N. Let M be a {ip, GK)-module over B^^ ^ of rank r S N>o with basis ei, . . . , e^. Assume 
that there exists an isomorphism o/ B^^ ^ j^[G K]-modules B^j^j-. (g)g+ M = (B^j^j, ^j^Y and 
that ei, . . . , Br satisfies the following conditions: 

(i) there exists h G N>o and ai < • • • < G N such that f^{ei) = p'^'e, for \ <i <r, 

(a) there exists a (unique) upper triangular matrix Cg € GLr(B^j^j, y^) whose diagonal entries are 1, 
such that (/(ei, . . . , e^) = (ei, . . . , er)cg for all g € Gk- 

Then there exists a B^^ Cp/ifo'^"''^* /i) • • • > /r of Cp/Ko ^ satisfying the following condi- 

tions: 

(a) fi is fixed by Gk; 

(b) fi = ei + Ei<j<i-i OijiCj with Uji G U'^_a,_„^ (hence we have ^p^{fi) = p"'fi). 

Proof. Note that we add the extra assumption (ii) and the slightly stronger conclusion (a) to the original 
proposition. Let U be the subgroup of GLr{V>'^^^ ^^) consisting of upper triangular matrices, whose 
diagonal entries are 1 and the (z, j)-component is in U^^^._^. for i < j. We endow U with the subspace 
topology of Gir(Bjj^{. ^^). Then, [/ is a topological Gi<-group and the map g i-> Cg]GK — > ?7 is a 
continuous 1-cocyclc. By [Col08, Proposition 0.6], there exists a finite Galois extension L/K such that 
Res^([c]) vanishes in H^{Gl,U), where [c] denotes the class represented by c. Hence, we have only to 
prove that the inverse image of the neutral element by Res^ : H^{Gk, U) — )• H^{Gl,U) consists of the 
neutral element. 
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We endow U with a G/f-stable decreasing filtration {Tn}neN by J-"„ := {(xij) S ?7|a;jj = for < 
j — i < n}. Then, we have To = U, Tr = {1}, ^n+i ^ J^n and Tn/^n+i is isomorphic to a direct 
sum of copies of U'^ ^ with a G N. We have only to prove that the inverse image of the neutral element 
under the restriction map Rcs^ : ^(G^, — > H^{GL,J'n) for n e N consists of the neutral clement. 
Since there exists a Gx-cquivariant sct-thcorctic section of the canonical projection — )■ J^n/J'n+i (for 
example, we can identify E + Xi^i^n+iEi^i+n+i G with its image in Tnj Tn+\)i the canonical maps 
■^n'^ ^ {^ul^n+if'^ and T'^^ — ^ {J^n/ ^n+i)^^ are surjective. By using long exact sequences, we have 
the commutative diagram 



ResR 



Res ft 



whose rows are exact as pointed sets. To prove the assertion, it suffices to prove the injectivity of the 

restriction map iJ^(G/f , UJ^ ^) H^{Gl,^'ii a) ^'^'^ ^ ^- i'Act, it implies the injectivity of the 
right arrow in the diagram and we obtain the assertion by devissage and diagram chasing. We first 
consider the case o = 0, i.e., U'^g = Qph (Lemma 6.2 below). Since H^iGi/K,Q'^^) is killed by the 
multiplication by [L : K] (using the corestriction), which induces an isomorphism on the coefficient, we 
have H^iGi^/Ki'^'^h) — 0. By the inflation-restriction sequence, we obtain the assertion. Consider the 
case a > 0. We denote by x '■ Gk — >■ the cyclotomic character. Then, we obtain the assertion by the 
following commutative diagram 



Rest 



where two isomorphisms follow by devissage and Lemma 1.13, Theorem 1.14 (a theorem of J. Tate) and 
the injectivities of the horizontal arrows follow from [Col08, Proposition 0.4 (ii)]. □ 



nRes 



Lemma 6.2. We have (B^+C,/Ko)'"''=^"'' = Ktc^/Kor^^"'' = for a e N>o and (B,T+c,/Ko)' 



Proof. We first prove the first assertion. Suppose that we have a non-zero element x in (Bj^^^, /j^^^)"^ " ■ 
Since BJ^^^, is an integral domain, wc may assume that we have x G by multiplying a power 

of p. Since is i^-stablc, wc have ip^^'^{x) = p~"°-x G ^Jtc /Kq ^'^^ n € N. Since A^ j, is a 

lattice of B^"J, we have ^ /Ko sufficiently large n, which is a contradiction. 

We prove the latter assertion. By a simple calculation, we have (Bj^^j, /^g)'''''^^ = (B^g^c /Kq^^''^^" 
By the canonical isomorphism B^g^c^/^^ — y^pt) may reduce to the perfect residue field case, 

which follows from Proposition [Col02, Proposition 8.15]. □ 

Lemma 6.3. Let D be a finite free B^j^^ ^j^-module with semi-linear GK-action. Then, the canonical 
map B"t, ^ 0if D^'^ D is injective. In particular, we have dim^ D'^'^ < rank„+ D < oo. 

Proof. Suppose that we have linearly independent elements /i, . . . , /„ G D'^'^ over K, which have a non- 
trivial relation Xifi = with Aj G B^j^ ^ Choose the minimum n among such n's. Then, we have 

g{Xi/\i) = Ai/Ai in Frac(BdRXp/K) for 1 < « < n. Hence we have Aj/Ai G i?°(GK, Frac(BdR,Cp/K)) = K 
and X]i(-^i/-^i)/i ~ i-*^-' contradiction. □ 

Lemma 6.4. Let W be an r-dimensional Qph-vector space with semi-linear Gx-action. For < i < h, 
we define a Qph-vector space ^p\W with semi-linear Gx-action by ^p\W := W as GK-module with scalar 
multiplication Qph x W ^ W;{X,x) ip^{X)x. If we have an isomorphism of M'^^^^^j^[G k] -modules 
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®dR c jK ®%h f*^— (®dR c /kT <i < h, then W is Cp- admissible as a p-adic representation of 
Gk- ' ' 

Proof. By assumption, we have isomorphisms BdR,Cp/if ®Qp^ - ®o<i</»*dR,Cp/_ft:®Qp/. 'f*^ - (®dR,Cp//f )'"^ 
of Bjpj^ J, ^^[Gif ]-modules, which imphes the assertion by tensoring Cp over B^j^ ^ □ 

Lemma 6.5. Assume that ck/k^^^ = 1- Then, the complex 

which is induced by the inclusion K ®Ko ^^is C /Kq ~^ ®dRC /k (Proposition 3.16) and Lemma 3.9, is 
exact. Here, we endow (B^Jj-jgc /Ko^^'^^^ ''"^^^ p-adic topology induced by the p-adic semi-valuation 

^cris,Cp/A: • 

Proof. Note that the connections arc /fcan-linear by Proposition 1.12. By Remark 1.4 (ii) and Lemma 1.9 (iii), 
we may reduces to the case K = Kq. Let w G kerVi. Wc can write oj = X^jgJk ® with 
'^i S ®iis,Cp/if ^'^^^ ^^^^ {^'cris,Cp//f (^jOIjgJk ^ oo- Wc Can also write = J2nem''K A^.n^l"'' with 
Xj n G B^isC /Q ^^^^ {^^cris,Cp/Qp('^i,n)}Ti6N®''jf ~^ 00- Since Uj is invariant under the action 
of Gkp!, we have Aj,n G (B^isC /Q )'^^'''^- Recall the proof of Lemma 3.9: We define ao = and 
o-n = ^j,n-ej if nj ^ 0. Then, we have x = J2nem-'K On G M^n,Cp/K and V(a;) = w. Note 
that we have x € (®dR c /k^^"^^' ■ Hence, we have only to prove x G B^j^ Fix N £ N and 

we will prove that we have Vcris,Cp//f (^ti) > N for all but finitely many n £ N®*^^. Choose a finite 
subset J of Jk such that we have Vcris^Cp /K{^j) > for j G Jk \ J- We also choose n G N such 
that we have Vcris,Cp /Qp{^j,n) > N for j e J and |n| > n. Let n G f^s-^ff y N-^. Then, we have 
^^cris,Cp/Qp(an) = Ucris,Cp/Qp (Aj>-e, ) > N for somc j G J/f \ J. Let u G N'' with \n\ > n. Then, we 
have t;cris,Cp/Qp (an) = I'cris.Cp/Qpl^i.n-e^) > -^cris.Cp/if (Aj) > A'' for some j G J, where the first inequality 
follows from Proposition 3.13. Since the set {n G N''||n| < n} is finite, these inequalities imply the 
assertion. □ 

Proof of Main Theorem. Obviously, wc may assume r := dimQ^ V > 0. By Hilbcrt 90, we may replace 
K by K^'^. Hence, we may assume that kx is separably closed. By Tate twist, we may also assume that 
V satisfies the assumption of § 5, i.e., we have IDdRl^) = (®dR c /k ^Qp V)'-''^ ■ 

We divide the rest of the proof into two steps: We will construct a finite extension L/K m Step 1 and 
after replacing L by K, we will prove the semi-stability of V in Step 2. Note that only Step 2 involves 
the choice of ii'o. _ 

Step 1: Let Jvl := N^g^(y) and ei,...,er be as in Proposition 5.3. Let {a[ < •■• < a'^,} be the 
set of distinct elements of the multiset {ai, . . . , a^} and mj be the multiplicity of in the multiset for 
1 < i < r'. Let {e^*\ . . . , em;} be the subset of {ei,...,ep} satisfying 'p^{ei) = p"''iei. We define an 
exhaustive and separated increasing filtration of A4 by 



Mn ■■= < 



n < 

®i<i<ni^l^,Cp/KA^ ® ■ • -S^gtcp/i^o^™^) ^<n<r' 
A4 otherwise. 



The filtration is stable under and G^-actions. In fact, for 1 < i < n < r' and g G Gk, we have 

^(e«), . . . , (^(e« ), 5(e«), . . . ,5(e« ) G M^"=p^'' C Mn, 

where the last inclusion follows from Lemma 6.2. We also define Wn ■= (A4„/A^„_i)'^''^^°" for 1 < n < 
r'. Since we have W„ = Qphe^"-* ® • • • ® QphCmi by Lemma 6.2, where e-""^ denotes the image of e-""^ 
in Mn/Mn-i, Wn is an m„-dimensional Qpd-vector space with continuous semi-linear Gx-action. Let 
Dn := B^j^ <8'iv+ Mn- Then, we have the left exact sequence of finite ii'-vector spaces 

D^f, D^- {Dn/Dn-if-. (3) 
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Hence, we have an inequalities 

diniK D^'' < diniK D^f^ + dim^ {DJDn-if" < dim^ D^f^^ + m„ 
for n G Z by Lemma 6.3. By Proposition 5.4, we have an isomorphism of B^j^[Gj<-]-modules 

which imphes dim^f = r for n > r' . Hence, the summation of the above inequahties are equahties. 
Therefore, the above inequahties are equahties, in particular, the map pr. : -D^^ — )• in (3) 

is surjective. Thus, we have the commutative diagram 

^ Kr,c,/k ®k D^-, ^ Kk,c,/k ®k D^- ^ Kk,c,/k ®k (D„/D„_i)G- > 



Dn-l ^ Dn ^ ^ 



with exact rows and injective vertical arrows by Lemma 6.3. Since the middle vertical arrow is an 
isomorphism for n > r' by (4), all vertical arrows are isomorphisms. In particular, for 1 < n < r', we have 
isomorphisms of j,^y^[Gif]-modules B+^ j.^^^ (8)q^^ W„ = £>„/£>„_! S (®dR,Cp/if )™"- ^^'^^^ ^® 

stable under the action of the map Wn — > ^IWn', x i-> f^{x) is an isomorphism of Q^h [Gxl-modules. In 
particular, we have isomorphisms of B^j^ c /k [Gif ]-modules B^j^ ^ (g)Q ^ ip\ Wn — B^j^ ^ CSq ^ Wn = 
(®dR c /if)™" for 1 < n < r' and < z < /i, which implies the Cp-admissibility of W„ by Lemma 6.4. 
Hence, Gk acts on Wn factoring through a finite quotient by Theorem 2.1. We choose a finite extension 
L/K such that Gl acts on Wn trivially for all 1 < n < r' and that L satisfies Condition (H). 

Step 2: By replacing V by we will prove that V is semi-stable by calculating Galois cohomology 
associated to N^g^(y). In the following, wc fix Kq and a lift {ijljej^ of a p- basis of in Kq. We 
regard {^jljeJA- as a lift of a p-basis of kx in K. Wc also fix notation; For a commutative ring R, 
let Ur{R) C GLr{R) be the set of upper triangular matrices, whose diagonals are equal to 1. Let 
Nr{R) C Mr{R} be the Lie algebra of Ur{R), i.e., the set of upper triangular matrices, whose diagonals 
are equal to 0. We denote U^^^^ := t^r(Bjj^|j^ ^^), UjJ^i = ^ri^'^^c /k) ^'-'^ simplicity. 

By assumption, we have g{ei, . . . , e^) = (ei, . . . , er)Cg with 1-cocycle c : Gk — > t^r(B^g^p /Xo^' ^^^^^ 

we have n^^{V) c iTg^c./Ko ^ (if Bstc,/Ko ^)''" = ^ (®tc,/Ko ^)''"' 
we have only to prove that c is a 1-coboundary in Ur{K ®Ka c /Kq)- have the exact sequence of 
pointed sets 

K^^K^Kr" H\Gk, Cr) ^ HHGk, t/+dR), (5) 

where U+^^/U^J^ denotes the left coset of CZ+^j^ by UjJ^, i.e., X ~ F if X'^Y e [/^"fj^. The class [c] e 
H^{Gk, f^Jdii) represented by c vanishes in H^{Gk, U^^^i). In fact, since we have e\"'^ e (f^/f^-i)^^ 
for 1 < n < r' and 1 < i < m„ by assumption, there exists a unique element e^"-* G such that 

f?^"-' - e e f^i^i by the exactness of (3) . Then, (ej"^^ , . . . , e^mi , ■ • • , e^"^ ' • • • > ) is a ®dR Cp/if'^^^^^ °^ 
Dn for 1 < n < r' and we have a unique matrix U e CZ^^r such that 

Cp(i) p(i) „(^')^_^s<l) s<i) s<0 ?<'•') ^rr 

^^C.;^ , . . . , , . . . , C.;^ ,...,Cj„^, y ^^0;^ , . . . , , . . . , C ;^ , . . . , O^^, ^ l> . 

By a simple calculation, we have Cg = U~^g{U) for all g G Gk- Hence, the class [c] is represented by an 
element of the image of (U^^^/Uj^)^'^ under S by the exact sequence (5). We regard ii' (8) a-q B^is Cp/Ko 
as a subring of B^j^ Cp/K Proposition 3.16. Then, we have the following lemma: 

Lemma 6.6. Every element of (U^^^j^/UjJ^)^^ is represented by an element in Ur{KiSi Koi^cris Cp/ifo)^^"')' 

We leave the proof of Lemma 6.6 to the end of the proof. Thanks to the lemma, there exist Xi € 
Ur{K (g)Ko (Bcris.Cp/Xo)'^^''') and X2 e UjJ^ such that 

Cg = X^'Xr'g{X,)giX2) (6) 
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for all g e Gk- _ _ 

Since the canonical isomorphism i : ]BY+„ ,„ B"*" ^ , „f is compatible with the actions of 

and G/fpf) we may regard M := i*A4 as a G';fpt)-module over B"*; f. Then, the triple 

(M, {ei, . . . , Cr}, i*c) satisfies the assumption of Proposition 6.1. In fact, the assumption (i) follows from 
Proposition 5.3, Proposition 5.4 and the functoriality. The image of c is in Ur{Mj:^^^ /Kq)^ which implies 
the assumption (ii). By applying Proposition 6.1 to the above triple, we have Xg £ Urifi^ „ ,^pt) such 
that i{cg) = {X'^)-^g{X'^). Hence, := i'^iX'^) £ Ur{^^+. /^J satisfies Cg = X^^g{X:i) for g e G^pf. 
Since we have Cg = X^^g{X2) for g G G^^pf by (6), wc have X^X^^ e = ^'•((Bji^Cp/K )°^'" )• 

Note that the canonical map iiTcan'X'K^jn o (®CTis c /Ko'^'^'^''' ~^ (^dRC /k)^'^^^ is an isomorphism. In fact, 
by using the canonical isomorphisms ^Zt,c^/K„ ^ Kris,c^/Kf ^JtcjK ^ Kk,cjk^^^ follows 
from the isomorphisms 

where the first isomorphism easily follows from Remark 1.4 (ii) and the second one is trivial. Thus, we 
have 

Cg = (Xi • ■ X^r'giXi ■ ■ Xs) 

for all g G Gk with Xi, X2X^^, X3 G Ur{K (gj^o Cp/^o^' which implies the assertion. 

Now, we return to the proof of Lemma 6.6. We endow Mr{M^j^ Cp/x) ~ (®dR Cp/kY^ with, the product 
topology. Let 

be derivations. We define a left (resp. right) action of Mr{M'^^ ^ y^) on Mr(B^j^ ^ jj^) for i = 1,2 

induced by the left (resp. right) multiplication on Mr(B^j^ c /k)- ^^^^ define a wedge product 

(Oj^j) X (W^) ^ LOikhLo'^j . 

yi<fe<r / 

Then, we have the following formulas 

dl o d = 0, 

d{XX') = dX-X' + X- dX', di{oj ■ X) = diLj ■ X - uj A dX, 
{ojAuj')-X = ujA{oj' ■ X) 

for X, X' G f7)f(8)KA'^r(BdR,Cp/if)' ^ Ct]^®KNr{K), w' G fij^ (8);^ 7Vr(B+^_j,^^^). We define a log 
differential 

dlog : f/+dR ^ ^K®^^r(B+^_Cp/if ); X^dX- X-\ 

which is G^f-cquivariant. (Note that it does not preserve the group laws in general.) Since we have 
dlog(XA) = dlog(X) for A G U^^^ and X G C^/jr above formulas, dlog induces a morphism of 

Gif-sets dlog^ : U^^^^/U^^^ ^if'8)K-/Vr(B(|R Cp/x)- Moreover, dlog^ is injective. In fact, let X, y G 
^j^dR tli^t dlogX = dlogF. By dE = d{Y~^Y) = and the above formulas, we have d{Y~^) = 
—Y~^dY ■ Y~^. Hence, we have 

dlog(F-^X) = (d(y-^) ■ X + Y-'^dX) ■ X-'^Y = -Y-'^{dY ■ Y''^ - dX ■ X''^) ■Y = 0. 

Since the inverse image of {0} by dlog is Uj^, we have X ~ y. By taking H^{Gk, —) of dlog^, we have 
an injection of sets 

dlog* : (tZ+dR/t^ndR)''" (l],®KNr{K). 
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We define a decreasing filtration on -^r(®dRCp/K) 

Fil"^r(®dR,Cp/if) ■■= e ^^r(BjR,c,/K)|a^i = if i - i < n}. 

Then, we have Fil°JV,(B+j,_^^/^) = iV,(B+j,_c,/if) ^nd FiV Nr{B+^,.^/^) = 0. Let X G C/+^j, such 
that we have [X] e iU+^B./U7,dR)"'' ■ Let u := dlog(X) e n]^^KNriK). We will construct e 
i/rC^ Oxo (Bcris,Cp/Ko)^'^->0 fom G N Satisfying cj ■ = mod nif®^Fir7V,(B+^_c^/^). Set 

:= 1. Suppose that WC! have constructed X^"-' . Since we have lo ■ X = dX, we have diuj ■ X = lu A dX 
by taking di. Hence, we have dicu — {lu A dX) ■ X^^ = uj Auj. Let uj' = (w^) := uj ■ X^"'> — dX^"'^ G 
<8)ifFil"-/Vr(B^j^ J, ^^). Then, by a simple calculation using the above formulas, we have 

diuj' = w A (w • - = w A w' = mod Cl^^KFiV^'^NriM+^^^^^j^), 

which implies Vi(w^ = 0. Since we have w,'^ G r2]fi8)x(iir (8)^^ (^iis.Cp/ifo-^'^^''^''' Lemma 6.5, 

there exists G 0Ko (B+s,c,/ifo ^^^^ ^hat V(a;^,,+„+i) =''u;^,-+„+i. Let := 

^ 2^i^j_i_„_i_i-E'i^j-i_„-i_i G Ur{K (Bcris,Cp/K'o)*^^^' )• Then, by a simple calculation, we have 

uo ■ - = a; • - - (^E ^^M+n+i^^M+n+i j 

= w' - ^ V(x^+„+i)i;,,i+„+i = mod nK®xFir+'iV,(B+j, c^/^). 

i 

Hence, we have dlog(X('')) = uj, which implies the assertion. □ 



7 Applications 

We will give applications of Main Theorem. In §§ 7.1, we will recall linear algebraic structures, which 

appear in the following. In §§ 7.2, we will prove a horizontal analogue of the p-adic monodromy theorem. 
The results of the next two subsections are applications of this theorem. In §§ 7.3, we will prove an 
equivalence between the category of horizontal de Rham representations of Gk and the category of de 
Rham representation of Gk^.^„- In §§ 7.4, we will prove a generalization of Hyodo's theorem 1.15. 

In this section, unless particular mention is stated, we will denote B^ (resp. B^^, y^) by 

(resp. BJ) for 4 G {cris,st} (resp. ^ G {dR, HT}): This notation is justified by the facts that B J Cp/Ko 
and /K ^'"^ isomorphic to B^_Cp/Qp and Bj^^Cp/Qp as (Qp, (jK)-i'ings respectively. 



7.1 Additional structures 

In the following, let V G RepQ^G^- For • G {cris, st, dR, HT}, the vector space D7(y) has an additional 
structure, which we will recall following [Fon94b]. 
• The Hodge- Tate case 

We define a graded if-vector space as a finite dimensional K-vector space D endowed with a de- 
composition D = ®n&Dn- Denote by MGk the category of graded i^- vector spaces. The graded ring 
structure on B^^j, induces a graded ii"- vector space structure on Dyrj,(F). Hence, we have a (8>-functor 

P^T : RepjT<^if MGk- 

Assume that we have V G Rep^rpCx . We define the Hodge- Tate weights of V as the multiset consisting 
of n G Z with multiplicity m„ := dimj^: (Cp(— n) (8)Qp V)^^ . Since the comparison isomorphism a^r^ is 
compatible with G^-actions and gradings, by taking the degree zero part, we have an isomorphism of 
Cp[Gif]-modules 

Cp(8)Q^FSe„ezCp(n)™", 

which is refered as the Hodge- Tate decomposition of V . Note that if V G RepQ^G/f admits such a 
decomposition, then it is horizontal Hodge- Tate. 
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• The de Rham case 

We define a filtered i^can-module as a finite dimensional i^Tcan- vector space endowed with a decreasing 

filtration {FiTDjnez of Xcan-subspaccs such that FiVD = D for n < and FiVD = for n > 0. Denote 
by MFk,,^ the category of filtered ifcan-niodules. The filtration FirBjj^ = ^"BJr on Mj^ induces a 
filtered ii'can-module structure on Djj^(F). Hence, we have a (8>-functor 

• The cristalline and semi-stable cases 

We first define filtered ((/?, N, G'i/x)-modules for our later use. 

Defintion 7.1. (i) Let L/K be a finite Galois extension. A filtered (lyj, TV, G/^/^f )-module is a finite 
dimensional Lcan.o-vector space D endowed with 

• the Frobenius endomorphism: a bijective </j-semi-linear map (p : D D, 

• the monodromy operator: an Lcan.o-linear map N : D ^ D such that N(p = pifiN, 

• the Galois action: an Lcan,o-semi-linear action of G^/k, which is commutative with and A'', 

• the filtration: a decreasing filtration {FiPD^^^^jngz of G^/x-stable Lcan-subspaces of D^^^^^ := 
LcB,n (8)Lea„,o ^ Satisfying 

FirDi^^„ = for n < and Fi^DL^^^ = for n » 0. 

If L = K, then we call D a filtered A?')-module relative to Kcan- Moreover, if A' = 0, then we 
call D a filtered i^-module relative to Kcan- 

A morphism Di — )• D2 of filtered {f, N, G^/if )-modules is an Lcan.o-finear map / : I?i — > D2 such 
that / commutes with (p and A^, G^/^-actions and we have /(FiPfi^^^^^) c Fil"£'2,Lean for all 
n G Z. 

Denoteby Mi^(99, A^, Gi/x) (resp. MFk,,^{^,N), MFk,^,,{v)) the category of filtered i(p,N,GL/K)- 
modules (resp. filtered ((p, A^)-modules relative to Kcan, filtered (^-modules relative to ATcan)- 

(ii) Let D e MFx^^^if, N) and r := dim^ean.o -D- We define tjv(-D) and t_f/(-D) in the following way: 
First, we consider the case r = 1. If we have v G D \ {0} and (p{v) = \v, then Vp{X) e Z is 
independent of choices of v. We denote it by tN{D). We denote by tniD) the maximum number 
n e Z such that FiY^Dk^^^ 7^ 0. In general case, we define 

tN{D) := tN{^''D), tH{D) := tniA'^D). 

We say that D is weakly admissible if we have t^iD) = tniD) and tjv(-D') > tniD') for any ATcan.o- 
subspace D' of D which is stable by ip and A', with D'j^ endowed with the induced filtration of 

Denote by MF'"'^{(p, N, G^/ji) the full subcategory of MF{ip, N, Gl/k), whose objects are weakly 
admissible as object of MFl^^^{(p,N). We also define MF^l^^{(p,N) and MF^^^_^((^) similarly. 

Let 4^ G {cris, st}. By Proposition 3.16, we have a i^can-linear injection -R^can<8)i<:c„,o^*(^) ~^ ®dR(^)- 
We endow Kcan '^Kci,n,o ID'X(l^) with the induced filtration of ID'Jr(I^). Together with the Frobenius 
endomorphism (p and the monodromy operator A'^ on B^, these data induce a structure of a filtered 

Af)-module over ATcan relative to i^can.o on Since we have B^.i^iV) = {B^^i^{V))^=° , B^.i^iV) 

has a structure of a filtered (^-module over i^can relative to -ft'can.o- Therefore, we have (8)-functors 

DJhs : Rep^HsGK ^ MFk_(^), BJ, : Rep^GK ^ MFk_(^,^). 

For D e MFk^^^{ip,N), we define 

Wst{D) := (B,^ ®K_.o nFil°(BjH Dk^^J. 

For D e MFk^^^{'p), we define Vcris(-D) := Vst(-D). These are (possibly infinite dimensional) Qp-vector 
spaces with Gx-action. 
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Remark 7.2. Note that we have the following hierarchy of full subcategories of RepQ^G^^: 

RepZifiK C ReplGK C RepJ^Gx C Rep^T^^- 

In fact, if we have V G Rep^jgGx, then we have dimQ^ V = dimxea„,o II^CTis(^) — ^^^Kc^n,o which 
implies that V is horizontal semi-stable by Lemma 1.18. In the case, the canonical injection D^ig(V) ^ 
Dj(y) is an isomorphism as filtered (ip, iV)-modules relative to i^can- The inclusion Rep^Gx C RepJj^Gi^ 



follows from Lemma 1.19 and Proposition 3.16, Corollary 4.3. Moreover, if we have V G Repg^-G^-, then 

the canonical map Kcan ^a",,,,, o ^^st (^) ^ ®dR(^) isomorphism of filtered JCcan-niodulcs. Finally, 

let V e RepJ^GK- We choose a lift of a iiTcan-basis of gr"]D)Ji^(y) in FiriDji^(y) for all n e Z. We 
denote these lifts by {e^ and let rij e Z such that G FiVmJ^iV) \ Fir*+^Djj^(y). Then, {ej forms 
a .fi'can-basis of Consider the comparison isomorphism 

which is compatible with the filtrations. By taking Fil" of both sides, we have 

i 

By taking gr" of both side and taking H^(Gk^ — we have 

K gr"E)lR(l^) = i^e, - (Cp(n) Vf- 

i:ni=n 

by Theorem 1.14. Hence, we have an isomorphism K ^K^,,n grDjj^(y) = Dyrp(y) of filtered JT-vector 

spaces, which implies V G Rcp^r^Gx by Lemma 1.18. In particular, the multiset of Hodge- Tate weights of 
V coincides with the muhisct consisting of n e Z with multiphcity dimx^an Fil~"ID)yj^(y)/Fir"+^Djj^(y). 

Proposition 7.3. The functors D^jg and induce the functors 

D7hs : Repli^GK ^ MFr^Jip), D,^ : Rep^^G^ ^ MFr^Jip,N). 
Moreover, these functors are fully faithful. 

Proof. We first prove the weak admissibilities of the images. As noted in Remark 7.2, if V is horizontal 
cristalline, then D^;g(F) coincides with ©^(y) as a filtered {(p, N)-modu\e relative to ii'can- Therefore, 
we may reduces to the case that V is horizontal semi-stable. 

For a filtered (tp, A'')-module D relative to ii'can, we endow the finite /^g ^-vector space -D^pt with a 

structure of a filtered {ip, A^)-module relative to K'^^ as follows. We extend the Frobenius on _D to -D^pf 
semi-linearly and extend the monodromy operator on D to D^pt linearly. We also define a filtration 
of Dj^pt as Fil*£)^pf := ifP' ^/s-^an ^'^^* -^K^^ri- Moreover, the scalar extension 

^0^' ®ifca„.o (-) : MFk_(<P,7V) ^ MFj,p.{ip,N) 
induces a functor. We have only to prove that the following diagram is commutative: 



Rep,^ Gk MFk^^^ (ip, N) 

Rep^tG^Pf ^^^^ MFKP^i^p, N) 



^?'®«ca„,o(-) 



In fact, since Dst(^lifpf) = -^o^ ^ifcan.o ID>S(^) is weakly admissible by [Fon94b, Proposition 5.4.2 (i)], 
DJ(T/) is weakly admissible by definition. 

By functoriality, the canonical map i : Kq^ ®/foa„,o l^S(^) ^ ^st{V\Kpf) is a morphism of filtered 
{(p, A^)-modules relative to Kq^. Consider the associated graded homomorphism after applying K^^^j^pt. 

The resulting homomorphism coincides with the canonical map K^^ iSik^utO^) ~^ ^ut{V\kp!)- Since we 
have V G Repy^Gx by Remark 7.2, a Hodge- Tate decomposition Cp(8)Qp V = ®neNCp(n)™'' of V induces 
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a Hodge- Tate decomposition of V|^pf . In particular, V\jip! is also Hodge- Tate and the above canonical 
map is an isomorphism. Since the filtrations of and Pst(^lifpf) are separated and exhaustive, i is 

an isomorphism as filtered ((/?, -/V)-modules relative to Kq^ . 

We prove the full faithfulness. We have the fundamental exact sequence 

Qp ^ (B7hs)^=' ^ BJr/bIr+ 0. 

In fact, by identifying B^,;, (resp. bJ+,BJj^) 

®cris,Cp/ifjf ("^^^P- ®dR,Cp/Kpf'®dR,Cp/Kpf): the cxactness 
is reduced to [CFOO, Proposition 9.25]. By the fundamental exact sequence, we have Vgt o ©^(F) ~ V 
(resp. Vcris o ©CTisl^) = V) for V G Rep^G^ (resp. V e Rep^igG^)- This implies the full faithfulness. 

□ 

In Proposition 7.5 (ii), we will prove that the above functors induce equivalences of categories, i.e, are 
essentially surjective. 

7.2 A horizontal analogue of the 2>adic monodromy theorem 

The following is a horizontal analogue of the p-adic monodromy theorem. Note that the converse is true 
by Hilbert 90 and Corollary 4.3. 

Theorem 7.4. Let V € RepJ^^Gx- Then, there exists a finite extension K'/Kcan such that V\kk' is 

horizontal semi-stable. 

Proof. The comparison isomorphism ajj^c /k induces an isomorphism of B^jj^ Cp/i<:[<-rx]-iiiodules 

By taking H^{Gk, —), we have dim^f DdR(l^) = dimQ^ V by Corollary 4.3, which implies V € Rep^^GK 
by Lemma 1.18. Hence, there exists a finite extension L/K such that V\l is semi-stable by Main Theorem. 
We may assume that L/K is a finite Galois extension satisfying Condition (H) by the proof of Main 
Theorem (Step 1) and Epp's theorem 1.6. The extension ican/-f''can is finite Galois by Lemma 1.5 (ii). 
We will prove the assertion for K' = I/can- 
We have canonical isomorphisms 

ican ®L_,o D,t(V|L) ^ L ®l, nst{V\L) = nm.{V\L), 

where the first one is induced by a canonical isomorphism Lean 'X'Lcan o Lq ^ L (Remark 1.4 (ii)), the 
second one follows by using Lemma 1.19 and Proposition 3.16. Moreover, these maps are commute with 
the residual Gi,/2<-actions and the V-actions. By taking the horizontal sections, we have 

»dR(^k) = DdR(X^|L)^=° - (Lean ®L_,„ D,t ( V | L ))''=° 

= Lean ®L„„.,„ Bst(V|L)^=0 = Lean ®L_.„ DZ(V\l), 

where the third equality follows from the fact V|l^3^„ = 0. By taking G'i/x-Lcan"i'^^^riants, we have 
^dR(y\K-L,,J = ican Oican.o I^X(^k ican)- SlncB V^lif.Lean IS horlzoutal dc Rham by Remark 1.21 and 
we have {K ■ Lcan)can = Lean (Lemma 1.5 (iv)), we have 

dimi_ lS>Jn{V\K-L^.J = dimQp V = dimi__„ V>Z{V\k.l..J, 
which implies that V\k-Lc^„ is horizontal semi-stable. □ 

7.3 Equivalences of categories 

The surjection of profinite groups t* : Gk — >■ Gk^^^ induces a (8)-functor of Tannakian categories 

I* : RepQ^Gif^^„ Repq^Gx 

Obviously, the functor i* is fully faithful. Denote by Cp the p-adic completion of the algebraic closure 
of Kca.n in K. For • e {cris, st, dR}, we have a Galois equivariant canonical injection B. ^p/Xcan ~^ 
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^Zc^/K by functoriality and wc have (B.,Cp/A:,.J'^^='"' = (^Y,c^/Kf" (= ^ca„ if • = dR, Xca„,o 
otherwise) by Proposition 3.16. Hence, if we have V S R-ep,Gxca„) then we have i*V G Rep^ Gk- In 
fact, we have a canonical injection B,(y) c I])Y{t*V) of (B,^c7p/A:can)'^^°*""'^ector spaces, which implies 
the B^j, ^^-admissibihty of t*V G RsPq^Gk by Lemma 1.18. Hence, t* induces a fully faithful (g)-functor 

il : Rep,Gxea„ Rep^G^. 

The following proposition is a direct consequence of Colmez-Fontaine theorem. 

Proposition 7.5. (A horizontal analogue of Colmez-Fontaine theorem (cj. [CFOO, Theoreme 4-3])) 

(i) The functors i*^-^^ and i^^ are essentially surjective. In particular, i*^^^ and t*^. induce equivalences 
of Tannakian categories. 

(a) The functors 

: RepJ^sGx ^ MF^l^i^), BJ, : Rep.^Gx ^ MF£J^,N) 
induce equivalences of categories with quasi-inverses Vcris> Vgt- 

Proof Wc first prove the assertion in the scmi-stablc case. Together with the full faithfulness of , we 
have only to prove the commutativity of the diagram 



MFJ^l^ {ip, N) MFr_ N), 

where Dgt is an equivalence of categories by Colmez-Fontaine theorem ([CFOO, Theoreme 4.3]). As we 
mentioned above, the canonical map ID'st(^) ^ 1D>S(**^)' which commutes with ip and A^-actions, is an 
isomorphism of ii'can.o-vector spaces. We have only to prove that the map also preserves the filtrations. 
Obviously, we have Fil*Dst(^) C Fil'Dj(z*y). To prove the converse, it suffices to prove that the 
associated graded modules of both side have the same dimension since the filtrations are exhaustive and 
separated. Let Cp (8)Qp V ^ (BneiCp{n)"^"' be the Hodge- Tate decomposition of V . Then, it induces the 
Hodge- Tate decomposition of i*V , i.e., Cp i*V = ®nezCp(n)'"" , which implies the assertion. 

In the horizontal cristalline case, a similar proof works by replacing MF^^^^ {ip, N) and *st by MF]^^^^ [p) 
and *cris- □ 

Theorem 7.6. The functor i^j^ is essentially surjective. In particular, ijj^ induces an equivalence of 

Tannakian categories. 

Proof. For a finite Galois extension L/K such that K ■ Lean = L, let Ci^/x be the full subcategory of 
Rep^Gif, whose objects consist of F e RepJp^Gx such that V\l is horizontal semi-stable. Recall the 
notation in Definition 7.1. Then, we have an equivalence of categories 

^Z,L ■■ Cl/k ^ MF^^iv, N, Gl/k); V ^ BZ{V\l). 

In fact, we have the following quasi-inverse Yst,L' For D G MF^'^{ip, N, Gl/k), we regard D as an object 
of MF™_^(^,iV) and let Vst,L(-D) := Yst{D). We have Y^tM^) G RcpJGl by Proposition 7.5 (ii) and 
Vst,t(-D) has a canonical Gx-action, which is an extension of the action of Gl, induced by the Gl/k- 
action on D. We have D G Cl/k by Remark 4.8 and Remark 7.2. We have Vgt l ° ©J l — ^^Cl/k ^"^^ 

° Vst,L — idM_F''='(v>,Af,Gi/jc) by Proposition 7.5 (ii). 

T — 

The restriction map Res^,^^^^ : G^/k — > G^^^^/k^^^ induces the equivalence of categories 

(Resi_)* : MF-%<p, N, G^_/^^^J ^ MF-(<^, N, G^/k). 
We will prove that the following diagram 

MF'^-i^, N, Gl^^^/k^J ^'"'"t:'"'' ' MF^-iip, N, Gl/k) 



C 



Lean/ Kcan ^^L/K 
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is commutative, where the bottom horizontal arrow is induced by : Rep^jj^G^can ^^PdR^K- In 
fact, we have the Gi^-equivariant inclusion 

o V.t,L_(i?) C YZ^^ o {RcslJ*{D) 

for D G MF'"'^{(p, N, Gl^^^/k^^S) by construction. Since both sides have the same dimension over Qj>, this 
inclusion is an equality. By the commutative diagram, the functor i*^^ : C^^^^/k^^^ — >■ C^/k is essentially 
surjective. 

Let V G RepJ^Gif. By Theorem 7.4, we have a finite Galois extension if '/if can such that V\g^^, 
is horizontal semi-stable. Let L := KK'. By Lemma 1.5 (iv), we have Lean = K' , i.e., L/K satisfies 
the above assumption. Since we have V ^Cj^jk, the assertion follows from the essentially surjectivity of 

The above equivalence induces a Qp-linear isomorphism of Ext^ on RepdRG_ff^^„ and RepJj^Gif • Note 
that we may regard Ext^^p^^cKean ("^P' ^) ExtJ^^pV^g^(Qp,t*l/) for V € RepdRG/f^^„ as 

HI{Gk,^^,V) := \,er{H\GK,V) H\Gk,^^k,c,/k.^^ V)), 

Hl'^iGK,z*V) := kev{H\GK,i*V) H\Gk,MJ^,c,/j, i*V)) 

respectively. In particular, we have 

Corollary 7.7. ForV e RePdRGi<-^a„ » inflation map Inf : H^{GKca^n,V) H^{GK,i*V) induces the 
isomorphism 

Inf : H'g{GK^^^,V) ^ H'^'^{GkXV). 

7.4 A comparison theorem on 

Notation is as in the previous subsection. 

Theorem 7.8 (A generalization of Theorem 1.15). Let V e Repq^Gif^^^ be a de Rham representation, 
whose Hodge- Tate weights are greater than or equal to 1 . Then, we have the following exact sequence 

^ H^{Gk.^^,V) H^{GK,t*V) ^^'H\GK,Cp<S)Q^t*V) (7) 



and a canonical isomorphism 

{Cp y(-l))^-- ®Kea„ = H\Gk,Cp l*V). (8) 

Moreover, if the Hodge-Tate weights of V are greater than or equal to 2, then H^{Gk,Cp i*V) 
vanishes, in particular, the inflation map 

Inf : H\Gk^^^,V) ^ H\GK,t*V) 

is an isomorphism. 

Proof We first prove the exactness of (7). Note that the injectivity of the inflation map follows by 
definition. We have the commutative diagram 

HHGk,.^,V) 

~^^l®id).oInf 
(lOid). ^ 

H\Gk^^^,Cp V) H\Gk, Cp i*V). 

Since we have a Hodge-Tate decomposition Cp V = ©„eN> i Cp (n)™" , we have {Gk^^„ , Cp (g)Qp V) = 
by Theorem 1.14, which implies (1 (g) id)* o Inf = 0. 

Let n := ker{(l (g) id)* : H^(GK,i*V) ffi(G/f,Cp (g)Q^ i*V)}. We have only to prove that H is 
contained in the image of Inf : iJ^(Gi<-^^„, V) H^{Gk,i*V). Consider the exact sequence 

. <+c^/^ ^ ^IZc,/K -^Cp 
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with 9 := Qc^jK- By applying ®<ii^i*V and taking H*{Gk, —), we have the commutative diagram with 
exact row 

H\GK,t*V) 

(10id). 

Since is de Rham with Hodge- Tate weights > 2, we have H^{GK,tMj+^^^j^ Oq^ i*V) = by Theo- 
rem 1.14 and Lemma 1.13 and devissage. Hence, the canonical map (l(8)id)* : H H^{Gk,^^^c /k^^p 
i*V) vanishes by the above exact sequence. In particular, we have H C Hg'^{GK, t*V). By Corollary 7.7, 
we have Inf : Hg{GKa^rL7 ^) — H^''^ {GK,i*V), which implies the assertion (8). 

Then, wc will prove the existence of a canonical isomorphism. By the inclusion {Cp^q^ l))'^^<=an c 
(Cp(8)QpZ*V'(— 1))*^^ and the canonical isomorphism ri]^ — ^ H^{Gk ,Cp{l)) in Theorem 1.14, we can define 
our canonical map / as the composition of 

(Cp«)Q,T/(-l))«--„^^_j]i^ {Cp(E)Q^i*V{-l)f''(g)KH\GK,Cp{l)) H\GK,Cpr^Q,t*V). 

We will prove that / is an isomorphism. A Hodge- Tate decomposition of V induces a Hodge- Tate 
decomposition Cp ^q^, i*V = ®nen>i'Cp{n)"^" of i*V. By replacing Cp i^q^, V and Cp (8)Qj, i*V by their 
Hodge- Tate decompositions, we may reduce to the case V — Qp{n) with n G N>i since the cup product 
commutes with the direct sum. Then, the assertion follows from Theorem 1.14. 

We will prove the last assertion. The assumption implies that we have mi = in the above notation, 
hence, we have H^{GK,'Cp<^q^i*V) = by the Hodge- Tate decomposition ofi*V and Theorem 1.14. □ 

Remeirk 7.9. (i) Originally, Theorem 1.15 (i) and (ii) are proved separately by using ramification 
theory in some sense. 

(ii) (Finitcncss) Suppose that we have [JCcan : Qp] < oo. For example, consider the case that K has 
a structure of a higher dimensional local field (Example 1.7). Let V S RepQ^G^ be horizontal de 
Rham of Hodge- Tate weights greater than or equal to 2. Then we have 

dimQ^ H\Gk,V) = [iCcan : Qp] dimQ^ F < oo. 

In fact, by Theorem 7.6 and 7.8, we may reduce to the case K = Kcs,n- By a Hodge- Tate decom- 
position Cp (8)Q^ V ^ e„6N>2Cp(n)™" with m„ e N, we have H°{Gk, V) C H°{Gk, Cp V) = 
and H'^{Gk, V) ^ H"{Gk, ^^{1)) C H"{GkXp (S)q^ V^(l)) = by the local Tate duality ([Her98, 
Theoreme in Introduction]), where ^ denotes the dual. Then, the assertion follows from Euler- 
Poincare characteristic formula (loc. cit). 

Note that H^{Gk, V) is not finite over Qp without the condition on Hodge- Tate weights: For exam- 
ple, i7^(Gx, Qp(l)) = Qp ®Zp ^m ^^ /{K^y contains Qp (8)Zp Ok, which is infinite dimensional 

over Qp if kx is imperfect, via the map Ok ^ U^^;x log (1 -|- 2px). 
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